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Abstract
We develop a superspace Noether procedure for supersymmetric field theories in
4-dimensions for which an off-shell formulation in ordinary superspace exists. In
this way we obtain an elegant and compact derivation of the various supercurrents
in these theories. We then apply this formalism to compute the central charges for
a variety of effective actions. As a by-product we also obtain a simple derivation
of the anomalous superconformal Ward-identity in N = 2 Yang-Mills theory.
The connection with linearized supergravity is also discussed.
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1 Introduction
Noether currents play an important role in any theory with a continuous global sym-
metry. Moreover, when there is more than one invariance, the various Noether currents
themselves form a multiplet for the extended symmetry group. This property is used
extensively in supersymmetric theories. Indeed, soon after the first 4-dimensional su-
persymmetric field theory was proposed by Wess and Zumino [1], the corresponding
multiplet of Noether currents, containing the energy momentum tensor, the supersym-
metry current and the R-current was constructed [2]. This multiplet structure plays
an important role in exploring non-perturbative properties of the quantum theory. So,
for example, the rigid multiplet structure of the Noether currents made it possible
to obtain the β-function to all orders for minimally supersymmetric Yang-Mills the-
ory [3, 4, 5]. Furthermore, the multiplet structure of these currents was crucial in
explaining higher loop finiteness of theories with extended supersymmetry [6, 7, 8].
Similarly, the supercurrent of N = 2 Yang-Mills theory played an important role in
deriving the Seiberg-Witten low energy effective action for that theory [9, 10, 11]. On
another front, the Noether currents of supersymmetric matter theories can be used to
construct linear off-shell supergravities [12].
As with any symmetry, the multiplet structure is best discussed by using a man-
ifestly covariant formalism. For supersymmetric theories, the manifestly covariant
formulation is in terms of superfields [13]. However, as superfields are not adapted
to the canonical formalism, the approach usually followed consists of first working in
components to determine the different conserved currents and then constructing the
corresponding supercurrent. This can be circumvented by using a variational approach
to obtain the Noether currents [14, 15, 16, 17]. However, one typically encounters con-
strained superfields when formulating realistic supersymmetric theories. Solving these
constraints is possible for all N = 1 theories but has been worked out in ordinary
superspace only for a limited subset of theories with extended supersymmetry. Thus,
the variational approach is complicated by having to deal with constraint preserving
variations. Alternatively, if a superspace description of the coupling of the theory in
question to supergravity is available, the supercurrent can be obtained by variation
with respect to the supergravity fields (see e.g. [18] for a review and references).
In spite of these drawbacks, a manifestly covariant derivation of the multiplet of
Noether currents is certainly desirable. The purpose of this paper is to develop a
general formalism (Superfield Noether Procedure) to determine the supercurrent as-
sociated with the super-Poincare´/superconformal invariance of a generic theory that
can be formulated in terms of N -extended, unconstrained superfields. For N = 1, a
procedure to extract a supercurrent was proposed in [14, 19]. Here we elaborate on a
superfield Noether procedure first proposed in [16, 17]. The starting point is an ab-
stract supersymmetric theory whose action can be expressed in terms of N -extended
superfields. We then obtain the supercurrent by considering the variation of the action
under a local transformation on the superfield level. In this way we obtain directly
the supercurrent for an arbitrary action of the type described above. The various
component Noether currents are then obtained by an appropriate projection of the
supercurrent. While this approach may not appear to be very economic to recover the
known multiplets of Noether currents in the simplest models, it is rather powerful in
generalizing these results to more complicated Lagrangians, such as low energy effective
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Lagrangians in supersymmetric quantum field theory and string theory. In particular,
we obtain the supercurrents for a variety of N = 1 and N = 2 multiplets with arbi-
trary local action. Furthermore, our procedure enables us to add improvement terms
at the superfield level, that is, in a manifestly supersymmetric manner. This allows
us to give a uniform description of all multiplets differing by improvement terms in-
cluding the so-called canonical multiplet which, among its components contains the
central charges of the supersymmetry algebra. As a result we obtain an elegant and
economic derivation of central charges of the supersymmetry algebra in models with
arbitrary Lagrangians, not just holomorphic ones. As another simple application, we
will give a simple derivation of the anomalous superconformal Ward-Identity in N = 2
Yang-Mills theory [20]. Finally, the superfield Noether procedure provides a tool for
a simple construction of linearized supergravities directly at the superfield level. In
particular, we recover various known, linearized N = 1 supergravities [6], [21]-[25] as
well as some N = 2 supergravities [26]-[30] in a simple and uniform manner.
The rest of this paper is organized as follows. In section 2, we formulate the
super-Noether procedure for an abstract supersymmetric action formulated in terms
of unconstrained superfields. In order to be self contained we begin with a review of
the superspace diffeomorphism transformations and of the superconformal and super-
Poincare´ subgroups. In section 3, we illustrate the use of this formalism by applying
it to concrete models with N = 1 supersymmetry. In particular we obtain their
supercurrents and compute the corresponding central charges. In section 4, we then
refine the general formalism to deal with the constrained superfields in N = 2 and then
apply it to the N = 2 vector and tensor multiplets. As a result we obtain a simple
derivation of the anomalous superconformal Ward Identity for the vector multiplet
and compute the effective central charge including fermions in the theory as well as
the contributions from the non-holomorphic part of the effective action for that model.
For the tensor multiplet, we derive the supercurrent and discuss the central charge.
In section 5, we discuss the construction of N = 1 and N = 2 linearized superfield
supergravities using the superfield Noether procedure. In section 6, we present the
algebraic relations between the component Noether currents. Finally, we present the
conclusions in the last section.
2 Superfield Noether Procedure
The purpose of this section is to develop the general formalism to obtain the super-
current for an arbitrary super-Poincare´/superconformal invariant theory formulated in
terms of unconstrained, N -extended, superfields. To extract the Noether currents asso-
ciated with the global super-Poincare´/superconformal symmetries, we need to consider
the corresponding local transformations. Therefore, in the next subsection we first
discuss some aspects of the larger group of superdiffeomorphisms.
2.1 Superdiffeomorphisms
The field theories considered in this paper are formulated on N -extended superspace
with coordinates z = (xµ, θαi, θ¯
i
α˙) ∈ IR4|4N , i being the SU(N ) index, or, on the
3
complex chiral- and anti chiral superspaces parametrized by 4 z+ = (x
µ
+, θαi) and
z− = (x
µ
−, θ¯iα˙). Concretely we consider those superdiffeomorphisms which preserve chi-
rality. Such transformations can be described in terms of a superfield hαα˙, subject to
the constraints 5
D¯
(β˙
i h
αα˙) = 0 , D(βih¯α)α˙ = 0 . (2.1)
The corresponding transformations of the chiral coordinates are given by
δx
µ
+ = h
µ(z) + 2iλi(z+)σ
µθ¯i , δθαi = λ
α
i (z+) ,
δx
µ
− = h¯µ(z)− 2iθiσµλ¯i(z−) , δθ¯α˙i = λ¯α˙i(z−) ,
(2.2)
with
λαi (z+) = −
i
8
D¯α˙ih
αα˙ , λ¯α˙i(z−) =
i
8
Diαh¯
αα˙ . (2.3)
The representation of (2.2) in terms of the corresponding differential operators acting
on chiral and antichiral superfields are then
L+ = hµ∂µ + λαi Diα , L− = h¯µ∂µ + λ¯iα˙D¯α˙i . (2.4)
These commute with the chirality constraint, [D¯α˙i,L+] = 0 and [Diα,L−] = 0, as a
consequence of (2.1).
An important subgroup of the superdiffeomorphisms containing the super-Poincare´
transformations is the superconformal group [32, 33] obtained by imposing the con-
straint
hαα˙ = h¯αα˙ . (2.5)
From (2.1) and (2.5), we can easily extract the Killing equation ∂µhν+∂νhµ =
1
2
ηµν∂
ρhρ,
the general solution of which is given in appendix A.1. Finally, super-Poincare´ trans-
formations are those for which the chiral and traceless, hermitian superfields,
σ =
1
6
(
Dαiλαi − 1
2
∂αα˙h
αα˙
)
(2.6)
and
Λij = − i
4
(
Diαλ
α
j + D¯α˙jλ¯
α˙i − 1N δ
i
j
(
Dkαλ
α
k + D¯α˙kλ¯
α˙k
))
(2.7)
both vanish.
2.2 Noether Procedure
Let us denote by OAJ a generic, unconstrained superfield, where A is a collective vector
and spinor index and J transforms in a representation of the SU(N ) internal group.
On OAJ, the superconformal group acts as
δOAJ(z) = −LOAJ + (ΩαβSβα + Ω¯α˙β˙S¯β˙ α˙)BA OBJ
+iΛij(Rji)JK OAK − 2(qσ + q¯σ¯) OAJ ,
(2.8)
4We use essentially Wess and Bagger conventions [31], see appendix D.
5For detailed discussions of the multiplet of superconformal transformations we refer to [32]-
[36],[16]-[18],[20]. We will give generalizations where necessary.
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where
L = 1
2
(hµ + h¯µ)∂µ + λ
α
i D
i
α + λ¯
i
α˙D¯
α˙
i . (2.9)
The symbols Sβα and Rji stand for the Lorentz and SU(N ) generators of the repre-
sentation to which OAJ belongs and Ωα
β is defined by eq.(A.4) in appendix A.1. The
dimension d and U(1)R-weight of O
AJ are related to q and q¯ through
d =
4−N
3
(q + q¯) , R = −2N
3
(q − q¯) . (2.10)
For a global super-Poincare´ transformation, we have δS[OAJ] = 0, where S[OAJ]
is the action. As in ordinary Noether procedure, we then consider a local transforma-
tion, by letting the parameters have an arbitrary x-dependence. We implement this
by removing the reality condition (2.5) but still maintaining (2.1), i.e. the chirality
preserving constraint. Of course, there is always the ambiguity of adding terms to
δOAJ which are proportional to derivatives of the parameters of super-Poincare´ trans-
formations. By construction, the terms in δS[OAJ] induced by them are of the form
“derivatives of the parameters” times “equations of motions” and thus induce in the
currents terms which vanish on-shell. We will make use of this freedom when dealing
with constrained superfields. Using (2.8), the variation of the action can then always
be written as
δS[OAJ] =
i
16
∫
d4+4N z
{(
hαα˙ − h¯αα˙
)
Tαα˙ + i
(
hαα˙ + h¯αα˙
)
Kαα˙
}
− 1
2
∫
d4+2N z+ σJ − 1
2
∫
d4+2N z− σ¯J¯ ,
(2.11)
with Tαα˙ and Kαα˙ real and J chiral. The vanishing of δS for global super-Poincare´
transformations furthermore implies 6
Kαα˙ = − i
4
[Diα, D¯α˙i](X − X¯)−
N
2
∂αα˙(X + X¯) , (2.12)
for some X . However, the superfields Tαα˙, Kαα˙ and J are not unique. Indeed, as a
consequence of (2.1) we have the two identities
−1
2
[Diα, D¯α˙i](h+ h¯)
αα˙ − 48i(σ − σ¯)− i(4−N )∂αα˙(h− h¯)αα˙ = 0 ,
−1
2
[Diα, D¯α˙i](h− h¯)αα˙ − 48i(σ + σ¯)− i(4 −N )∂αα˙(h+ h¯)αα˙ = 0 ,
(2.13)
which, upon integration by parts lead to the equivalence relation
Tαα˙
Kαα˙
J
 ≃

Tαα˙ + i
4−N
2
∂αα˙(A− A¯)− N4(4−N ) [Diα, D¯α˙i](A+ A¯)
Kαα˙ +
i
4
[Diα, D¯α˙i](A− A¯) + N2 ∂αα˙(A + A¯)
J − 6
4−N D¯
2N
(
2A+ (N − 2)A¯
)
 , (2.14)
6For N = 1, this was shown in [17]. For N = 2, this can be proved following the same argument
as in [17]. Note however that the N = 2 case is more elaborated than in N = 1 as one has to use
not only super-Poincare´ invariance but also SU(2)R invariance. The proof of (2.12) for arbitrary N
should follow the same pattern.
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where A is any unconstrained superfield. This equivalence relation corresponds to
the freedom of adding improvement terms to the different Noether currents in the
multiplets. One way to see that is to note that the equivalence classes (2.14) are
obtained through integration by parts or equivalently, by adding boundary terms. We
will explain this correspondence in more detail in the following sections.
There are two distinguished multiplets of Noether currents. We denote them by
the minimal and the canonical multiplets respectively. Indeed, starting from a generic
supermultiplet (Tαα˙, Kαα˙, J) and taking A = X , we arrive at the minimal multiplet
7
(Tminαα˙ , K
min
αα˙ = 0, J
min). In particular, for a superconformal invariant theory, δS = 0
for a superconformal transformation and hence (2.11) implies that Jmin = J¯min = 0.
In this case the supercurrent Tminαα˙ contains the traceless (i.e. improved) currents. This
is the smallest possible multiplet of Noether currents. If the theory does not have
superconformal invariance, the Kαα˙ = 0 multiplet of currents is still minimal in the
sense that it has the smallest number of components.
The other distinguished multiplet is the canonical multiplet. This multiplet contains
the generators of the super-Poincare´ transformations and is related to the minimal
multiplet by total derivative terms. This multiplet has the further property that it
contains among its components central charges.
Thus far the discussion applies to any theory formulated in terms of unconstrained
superfields. However, as already mentioned in the introduction, in realistic situations
we typically have to deal with constrained superfields. In general, the localization of the
super-Poincare´ or superconformal transformations in terms of an arbitrary parameter
hαα˙ subject to (2.1) may not be compatible with the constraints on the superfield. In
that case, one may have to impose stronger constraints on hαα˙. The purpose of the
next sections is to illustrate the general procedure by applying it to some N = 1 models
of interest and to discuss the modifications for N = 2 models with off-shell superfield
formulations.
3 N = 1 Theories
In this section, we will apply the general formalism of section 2 to an arbitrary N = 1
theory formulated in terms of (possibly constrained) N = 1 superfields. Indeed, it turns
out that the general structure described above applies directly without modification to
any N = 1 theory with an off-shell superfield formulation.
3.1 General Structure
Before considering concrete models with N = 1 supersymmetry we present some model
independent, general results in this subsection.
3.1.1 Equation of Conservation
We begin by solving the constraint (2.1) in terms of a free spinor superfield Lα as
hαα˙ = 2D¯α˙Lα , h¯αα˙ = −2DαL¯α˙ . (3.1)
7In general, this minimal multiplet may not be unique [17], but this will not affect our analysis
below.
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Using the results in section 2 we can now write the variation of the action under an
arbitrary local transformation parametrized by Lα as8 [16, 17]
δS =
∫
d8z
(
i
8
LαRα + c.c.
)
, with
Rα = D¯
α˙Tαα˙ + iD¯
α˙Kαα˙ − 1
6
DαJ , (3.2)
where Kαα˙ is given by (2.12). Variation with respect to L
α then leads to the supercur-
rent conservation equation
D¯α˙Tαα˙ + iD¯
α˙Kαα˙ − 1
6
DαJ = 0 . (3.3)
As explained in section 2, the multiplets appearing in (3.3) are not unique. In partic-
ular, we can always make the choice Kαα˙ = 0 provided we redefine Tαα˙ and J as
Tαα˙ → T˜αα˙ = Tαα˙ + 3i
2
∂αα˙(X − X¯)− 1
12
[Dα, D¯α˙](X + X¯) and
J → J˜ = J − 2D¯2(2X − X¯) , (3.4)
where we have replaced min by ˜ to avoid clutter. The supercurrent conservation
equation then reads
Rα = D¯
α˙T˜αα˙ − 1
6
DαJ˜ = 0 . (3.5)
In particular, if the theory has superconformal invariance, there is a minimal multiplet
with J˜ = 0. In general, J˜ contains the trace of the energy momentum tensor and the
supersymmetry current and is then referred to as the multiplet of anomalies [21, 37].
Using (2.12) we can recast the conservation equation (3.3) in a more familiar form
D¯α˙Tαα˙ +Wα +Dατ = 0 , (3.6)
where
Wα =
1
4
D¯2Dα
(
X − 2X¯
)
, τ = −1
6
J +
1
4
D¯2X . (3.7)
This form of the conservation equation is familiar from the discussion of the old- and
new minimal multiplets [21, 37, 22] which will be reviewed in section 3.1.3.
3.1.2 R-invariance
The variation of the action under a global R-transformation, corresponding to Lα =
−ηθαθ¯2 is given by
δS =
∫
d4x η
(
2∂αα˙T˜αα˙ − i
6
(D2J˜ − D¯2 ¯˜J)
)∣∣∣∣ , (3.8)
8In this paper, we will take the localization of superconformal transformations even for a theory
which is only super-Poincare´ invariant. This is because a free superfield, playing the analogous role
of Lα but for super-Poincare´ transformations, is not known.
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and as expected, this is not automatically a derivative as we are not necessarily dealing
with a R-invariant theory. Indeed, the R-invariance condition can be written as
D2J˜ − D¯2 ¯˜J = 24i∂µZµ , (3.9)
for some Zµ. If this condition is satisfied, we can define a conserved R-current by
j(5)µ = −4
(
T˜µ − Zµ
) ∣∣∣∣ . (3.10)
The condition (3.9) is solved by
J˜ = D¯2U and
¯˜
J = D2U , (3.11)
for some real superfield U . Correspondingly, we have Zαα˙ =
1
3
[Dα, D¯α˙]U . Now, apply-
ing (2.14) with A = X + 2U we get
Tαα˙
Wα
τ
→

T newαα˙ = T˜αα˙ − 13 [Dα, D¯α˙]U
W newα =
1
2
D¯2Dα U
0
 , (3.12)
where we introduced the label new for the multiplet (3.12). This is because (3.12)
is, in fact, the new minimal multiplet [22]. We will come back to this below. The
conservation equation (3.6) then reads
D¯α˙T newαα˙ +W
new
α = 0 , (3.13)
where W newα is now a curl (D
αW newα + D¯
α˙W¯ newα˙ = 0). Therefore
∂αα˙T newαα˙ = 0 (3.14)
and consequently the conserved R-current is given by T newαα˙ | which agrees with (3.10).
3.1.3 Multiplets of Noether currents
It is clear that the size of the multiplet of currents depends on the details of the theory
under consideration but also on the choice of improvement terms. If the theory is
conformally invariant, then the variation (2.11) must vanish for hαα˙ = h¯αα˙ and hence
it is possible to choose Kαα˙ = 0 and J = 0. In this case, the multiplet of Noether
currents is contained entirely in Tαα˙ subject to the conservation equation D
α˙Tαα˙ = 0.
This is the improved multiplet with 8+8 components first constructed by Ferarra and
Zumino [2] for the Wess-Zumino model. The next bigger multiplet is described by Tαα˙
and J . This is the old minimal multiplet [21, 37] with 12 + 12 components. Another
possibility is that τ vanishes but not Wα. If Wα is a curl then we obtain the new
minimal multiplet [22] with again 12+ 12 components. This multiplet is distinguished
in that it contains a conserved R-current as explained in subsection 3.1.2. If Wα is
not a curl then this multiplet has 16 + 16 components. If we furthermore include J ,
we obtain a multiplet with 20 + 20 components. Finally, for a general X , we obtain a
multiplet with 28 + 28 components.
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3.2 Applications
In this subsection, we illustrate the general formalism by applying it to some concrete
models with N = 1 supersymmetry. As we shall see, the super-Noether procedure
provides an efficient tool to obtain the supercurrent and the central charge for general
local (effective) actions given in terms of arbitrary Ka¨hler- and prepotentials.
3.2.1 Ka¨hler Sigma Models
Here we compute the supercurrent for the N = 1 sigma model defined in terms of
arbitrary real Ka¨hler potential K(φ, φ¯) and superpotential W(φ), where φ is a chiral
scalar field. Such Lagrangians arise as the local part of quantum effective actions for
supersymmetric field theories and string theory. The general action is given by
S =
1
16
∫
d8z K(φ, φ¯)− 1
4
∫
d6z+ W(φ)− 1
4
∫
d6z− W¯(φ¯) , (3.15)
with the corresponding equation of motion
E ≡ 1
16
D¯2Kφ − 1
4
Wφ = 0 , (3.16)
where a subscript φ stands for differentiation by φ. According to (2.8), the transfor-
mation law for φ under global super-Poincare´/superconformal transformations is δφ =
−L+φ − 2qσφ, where q is related to the R-weight and dimension of φ through (2.10).
Expressing this transformation in terms of Lα, we have
δφ =
i
4
D¯2
(
LαDαφ+
1
3
qDαLα φ
)
. (3.17)
Substitution into (3.15) then leads to the variation of the form (3.2) with
Rα = 2Dαφ E − 2
3
qDα(φE) , (3.18)
from which we get
T˜αα˙ =
1
12
DαφD¯α˙φ¯Kφφ¯ − i6∂αα˙φKφ + i6∂αα˙φ¯Kφ¯ ,
J˜ = −1
4
D¯2(K − qφKφ) + 3W − qφWφ .
(3.19)
Referring to the discussion in subsection 3.1.2, we infer that the existence of a conserved
R-current requires that J˜ ,
¯˜
J can be written in the form (3.11). This, in turn implies
3W − qφWφ = 0 and K(φ, φ¯) = H(φφ¯) , (3.20)
for some function H(φφ¯). Superconformal invariance requires J˜ = 0 which implies the
same condition as in (3.20) onW, but furthermore that K−qφKφ = 0. The solution of
these two conditions are given by K(φ, φ¯) ∝ (φφ¯)−1/q and W(φ) ∝ φ−3/q. Thus, there
is a superconformal model for each value of q. In particular, for the Wess-Zumino
model, where K(φ, φ¯) = φφ¯, the superconformal invariance is achieved for q = −1 and
W(φ) = gφ3, for some coupling constant g.
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3.2.2 Supersymmetric QED
We now discuss the supercurrent of N = 1 QED in our formalism. This will serve as
a useful preparation for dealing with the constrained superfield of N = 2 Yang-Mills
discussed in the next section.
The N = 1 gauge multiplet is described by a curl superfield Wα satisfying the
constraints
D¯α˙Wα = 0 , DαW¯α˙ = 0 , D
αWα = D¯α˙W¯
α˙ . (3.21)
These constraints are solved in terms of a real prepotential V by
Wα = −1
4
D¯2DαV . (3.22)
Wα is invariant under the gauge transformations:
δGV = i(Λ − Λ¯) , with DαΛ¯ = 0 , D¯α˙Λ = 0 , (3.23)
and the free action is given by
SW =
1
4
∫
d6z+ W
αWα + c.c. . (3.24)
To couple this N = 1 gauge multiplet to a chiral multiplet φ, we first recall its gauge
transformations
δGφ = −igΛ φ , δGφ¯ = igφ¯ Λ¯ . (3.25)
The corresponding invariant action is then given by
Sφ =
1
16
∫
d8z
(
φ¯ egV φ
)
. (3.26)
For global superconformal transformations, we have (2.8)
δV = −LV − 2(qσ + q¯σ¯)V , (3.27)
with q = q¯ since V is real. The gauge potential Aµ =
1
2
σαα˙µ [Dα, D¯α˙]V
∣∣∣∣ is of dimension 1
and hence V has to be of dimension 0, which implies that we take q = 0. As explained
in [17] the gauge covariant localization of (3.27) reads
δV = −LV − i
8
(h− h¯)αα˙[Dα, D¯α˙]V , (3.28)
up to gauge transformations. In particular, it is convenient to add to (3.28) a pure
gauge term of the form
− i
4
D¯2(LαDαV ) +
i
4
D2(L¯α˙D¯α˙V ) . (3.29)
Combining the two contributions we end up with
δV = i(LαWα − L¯α˙W¯α˙) . (3.30)
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As we have added a gauge transformation with parameter Λ = −1
4
D¯2(LαDαV ) to
the transformation law for V , we have to add the corresponding modification to the
transformation law for φ. Thus (3.17) is modified into
δφ =
i
4
D¯2
(
Lα(Dαφ+ gDαV φ) +
1
3
qDαLαφ
)
=
i
4
D¯2
(
Lα∇αφ+ 1
3
qDαLαφ
)
, (3.31)
where ∇αφ = Dαφ+ gDαV φ is the gauge covariant derivative for φ [38, 16]. Alterna-
tively, (3.31) can be written as
δφ =
(
1
2
hαα˙∇αα˙ − λα∇α − 2qσ
)
φ , (3.32)
with the gauge covariant space-time derivative9 ∇αα˙φ = ∂αα˙φ− i2gD¯α˙DαV φ.
In order to extract the supercurrent for the combined theory S = SW +Sφ we then
apply the, by now, standard procedure and obtain a variation of the form (3.2) with
Rα = −12Wα EW + 2∇αφ Eφ¯ − 23qDα(φ Eφ¯) ,
where

EW = 18(DαWα + D¯α˙W¯ α˙) + 116g
(
φ¯ egV φ
)
,
Eφ¯ = 116D¯2
(
egV φ¯
)
,
(3.33)
are the equations of motion for the gauge field and the chiral matter field, respectively.
For the first term in Rα, which depends only on the gauge superfield, we can use the
constraints (3.21) to write it as
RWα = −
1
8
WαD¯α˙W¯
α˙ = −1
8
D¯α˙
(
WαW¯α˙
)
, (3.34)
which shows that for the Maxwell supermultiplet we have T˜Wαα˙ = −18WαW¯α˙ and J˜W = 0.
For the matter part of the supercurrent we proceed by analogy with the Wess-
Zumino case, but taking into account that the theory is now gauge invariant. For this,
we first define Φ = e
g
2
V φ so that the invariant matter action takes the same form as
for the Wess-Zumino model ( (3.15) with K = ΦΦ¯ and W = 0): Sφ = 116
∫
d8z Φ¯Φ.
This suggests that the supercurrent is just the one for the Wess-Zumino model, (3.19),
but with derivatives replaced by covariant ones [16]:
T˜
φ
αα˙ =
1
12
∇αΦ∇¯α˙Φ¯− i6Φ¯
↔∇αα˙ Φ ,
J˜φ = 1
4
(q − 1)∇¯2
(
Φ¯Φ
)
.
(3.35)
Plugging this into (3.5) then shows that this is the correct answer, i.e. we recover (3.33).
Thus, the gauge invariant supercurrent for the N = 1 abelian YM theory coupled to a
9 For a general gauge covariant expression X transforming as δGX = ig(eΛ − e¯Λ¯)X , the gauge
covariant derivatives are defined as ∇αX = DαX − egDαV X and ∇¯α˙X = D¯α˙X − e¯gD¯α˙V X . Note
that we still have ∇¯α˙φ = 0, i.e. φ is gauge covariantly chiral. The covariant derivative ∇αα˙ acts on
X as ∇αα˙X = ∂αα˙X − i2g(eD¯α˙DαV + e¯DαD¯α˙V )X .
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scalar multiplet is
T˜αα˙ = −18WαW¯α˙ + 112∇αΦ∇¯α˙Φ¯− i6Φ¯
↔∇αα˙ Φ ,
J˜ = 1
4
(q − 1)∇¯2
(
Φ¯Φ
)
.
(3.36)
3.2.3 Tensor Multiplet
The last application we consider is the tensor multiplet [39] described by a superfield
G constrained by:
D2G = 0 , D¯2G = 0 , G = G¯ . (3.37)
Again, this will serve as a preparation for the N = 2 tensor discussed in section 4. We
consider a general action S =
∫
d8z F(G) depending on an arbitrary function F . There
are two distinguished cases. The first one is the free field action F(G) = G2 which is
R-invariant for a suitable choice of the R-weight of G, but is not conformal invariant
for any choice of the conformal weight. The second model has F(G) = G logG [40].
This model is superconformal invariant for a suitable choice of the conformal weight of
G.
The constraints (3.37) are solved by
G = Dαφα + D¯α˙φ¯
α˙ , (3.38)
where φα is an unconstrained chiral spinor superfield. Moreover, as expected, there
is a gauge freedom of the form δGφα = D¯2DαK, with K = K¯. In analogy with the
vector multiplet in the last subsection, we find for the gauge covariant localization of
the global symmetry transformation of φα
δφα = −Lφα − 3σφα + Ωαβφβ − i8D¯2
((
hαα˙ − h¯αα˙
)
φ¯α˙
)
+ i
4
D¯2Dα
(
Lβφβ + L¯β˙φ¯
β˙
)
= − i
4
D¯2 (LαG) ,
(3.39)
corresponding to q = 3
2
, which is the only choice which leads to a gauge invariant
transformation for G. The equation of motion for G reads Eα = −D¯2DαF ′, where
the prime denotes, as usual, the derivative of F w.r.t. G. The computation of the
supercurrent conservation equation is now straightforward and we end up with
Rα = −2GEα = 2GD¯2DαF ′ = −2D¯α˙(GD¯α˙DαF ′ − D¯α˙GDαF ′) . (3.40)
It is then just a matter of separating the real part from the imaginary one to get
Tαα˙ = −2DαGD¯α˙GF ′′ +G[Dα, D¯α˙]F ′ ,
Kαα˙ = 2G∂αα˙F ′ = −2∂αα˙(F −GF ′) ,
J = 0 .
(3.41)
From these objects, we finally obtain the minimal multiplet:
T˜αα˙ = −43DαGD¯α˙G(F ′′ − 2GF ′′′) + 43GF ′′ [Dα, D¯α˙]G ,
J˜ = 4D¯2 (GF ′ −F) .
(3.42)
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We immediately see that J˜ fulfills the R-invariance condition (3.9) with U = 4(GF ′−F)
and, correspondingly, Zµ =
4
3
σαα˙µ [Dα, D¯α˙](F − GF ′). Thus, the model is R-invariant
for any function 10 F(G).
For superconformal invariance, we have to impose J˜ = 0, which leads to the dif-
ferential equation D¯2(F − GF ′) = 0 whose solutions are F(G) = G which is not
physically interesting and F(G) = G logG. Thus, the action S = ∫ d8z (G logG) is
indeed superconformal invariant.
3.3 Central Charge
In N = 1, the central charges are often ignored as they are not compatible with
translation invariance. However, they play an important role, for example, for domain
walls [41, 42]. In this subsection we obtain the central charge as a certain projection of
the supercurrent. This approach is much simpler than computing the central charges
from the Poisson brackets of the component Noether currents. Indeed, the only place
where components are needed is to identify the supersymmetry current among the
components of the supercurrent. Its variation, which contains the center, is then easily
obtained in superspace.
To extract the supersymmetry current we take Lα = −iθ¯2εα(x+) and L¯α˙ = −2iθ¯α˙θαεα(x−).
Then
δS =
∫
d4x εα
(
− 2i(σν σ¯µ)αβDβ∂µT˜ν + i
3
σµα
β˙D¯β˙∂µ
¯˜
J
)∣∣∣∣ . (3.43)
Thus, the supersymmetry current is given by
jµα =
(
2i(σν σ¯µ)α
βDβT˜ν +
i
3
σµαα˙D¯
α˙ ¯˜J + σµνα
β∂νDβ(a1(X + X¯) + a2(X − X¯))
)∣∣∣∣
= σµ
ν
α
βDβ
(
−8iT˜ν + ∂ν(a1(X + X¯) + a2(X − X¯))
) ∣∣∣∣ ,
(3.44)
where we have used the conservation equation in the second equality. The two com-
plex constants a1 and a2 introduced here correspond to improvement terms for the
supersymmetry current as they are automatically conserved. It is not hard to see that
the improvement terms in (3.44) correspond to different choices for Tαα˙, Kαα˙ and J
in (2.14). Indeed, for a generic choice, the supersymmetry current is given by
jµα = 2i(σ
ν σ¯µ)α
βDβTν − 2i(σµ)αα˙D¯α˙τ¯ + i
2
(σµ)
α˙
α D
2D¯α˙(2X¯ −X) . (3.45)
A short computation then shows that applying (2.14) with A + A¯ = a1(X + X¯) and
A − A¯ = a2(X − X¯) on (3.45), reproduces the supersymmetry current (3.44). For
a1 = a2 = 0, the supersymmetry current (3.44) is part of the minimal multiplet as
defined in section 2. A precise discussion of the multiplet structure will be given in
section 6. For our purpose, the only relevant part of the algebra is the following
variation of the supersymmetry current
δαjµβ = σµναβ∂
ν
(
8
3
¯˜
J +
1
2
D2(a1(X + X¯) + a2(X − X¯))
) ∣∣∣∣ . (3.46)
10 This is expected as G, being real, is not charged under R-symmetry.
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3.3.1 Center for Ka¨hler Sigma Models
According to (3.19) and to (3.44), we have
jµα =
(
σµ
ν
α
βDβ(
1
6
σγγ˙ν DγφD¯γ˙φ¯Kφφ¯ − 2i3 ∂νφKφ + 2i3 ∂ν φ¯Kφ¯
+∂ν(a1(X + X¯) + a2(X − X¯)))
)∣∣∣∣ .
(3.47)
To compute the central charge for this model, we first need to extract the canonical
supersymmetry current. The canonical current can be characterized by the absence of
space-time derivatives on fermions. That is, the second term in (3.47) must be canceled
by the improvement terms, i.e. a1(X + X¯) + a2(X − X¯) = 2i3K. Thus,
jcanµα = σµ
ν
α
βDβ
(
1
6
σγγ˙ν DγφD¯γ˙φ¯Kφφ¯ +
4i
3
∂ν φ¯Kφ¯
) ∣∣∣∣ , (3.48)
where “can” labels the canonical Noether current. Using (3.46), we then read off the
result for the central charge Z(αβ) = ∫ d3x δ(αjcan 0β) as
Z(αβ) =
∫
d3x σ0iαβ∂i
(
−4i
3
¯˜
J +
i
3
D2K
) ∣∣∣∣ = −3 ∫ d3x σ0iαβ∂i W¯∣∣∣∣ . (3.49)
This is in agreement with the result found in [41] but without the “ambiguous term”
which was due to the fact that in [41] the minimal rather than the canonical multiplet
was used in the computation of the central charge. For the canonical multiplet, which
is the correct multiplet to use to compare with the canonical formalism, these extra
terms are absent as it should be.
3.3.2 Center for the Tensor Multiplet
Following the same road as for the Ka¨hler Sigma Models, we find a1(X + X¯)+ a2(X −
X¯) = −64
3
(GF ′ −F) and the canonical supersymmetry current reads 11
jcanµα = −8iσββ˙µ Dα
(
F ′′DβGD¯β˙G
)
. (3.50)
Finally, using (3.46) shows that the central charge for this model identically vanishes.
To summarize, we have shown how the Superfield Noether Procedure works for a va-
riety of N = 1 theories including constrained superfields. The simplicity is due to the
fact that, except for the identification of the supersymmetry current, all manipulations
have been done at the superspace level. Of course, to determine the remaining Noether
currents and their algebra one needs to go to component fields. We postpone this dis-
cussion to the section 6 where the currents and their corresponding multiplet structure
are discussed in detail.
11After adding an equation of motion.
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4 N = 2 Theories
In this section, we will explain how the general procedure developed in section 2 has to
be refined in order to deal with the various constrained superfields in N = 2 supersym-
metry. Concretely the challenge is to find the appropriate localizations of the global
symmetry transformations compatible with the constraints. That this is possible at
all relies on the fact that in N = 2, contrary to N = 1, (2.1) can be replaced by a
stronger constraint while still localizing the super-Poincare´/superconformal transfor-
mations. This is the subject of the next subsection. In the second part, we then apply
the formalism to the N = 2 vector and tensor multiplets respectively.
4.1 N = 2 Superconformal Group
In analogy with the N = 1 case, the constraints (2.1) can be solved in terms of an
unconstrained N = 2 superfield Lαi as
hαα˙ = −2
3
D¯3α˙iLαi and h¯
αα˙ = −2
3
D3αiL¯α˙i . (4.1)
In the global limit, hαα˙ = h¯αα˙, the identity D¯α˙iD¯β˙jh
γγ˙ = DαiDβjh
γγ˙ = 0 holds [36], and
a straightforward computation shows that a suitable Lαi is given by L
α
i = − 112 θ¯3α˙ihαα˙.
However, contrary to the N = 1 case, it is possible to replace Lαi by a constrained
superfield without losing the global transformations. Indeed we can write
Lαi ≡ DαjLji and L¯α˙i ≡ −D¯α˙jL¯ji (4.2)
where Lij is an unconstrained symmetric superfield
12. The expansion of Lij for global
super-Poincare´ and superconformal transformations is given in appendix A.2. This
allows us to define a new scalar superfield H which, like hαα˙, is real for superconformal
transformations. Indeed we can take
H ≡ D¯ijLij, H¯ ≡ DijL¯ij . (4.3)
Furthermore, hαα˙ can be expressed in terms of H as
hαα˙ =
1
2
[Dαi, D¯α˙i ]H and h¯
αα˙ =
1
2
[Dαi, D¯α˙i ]H¯ . (4.4)
In terms of Lij, we have
λαi =
i
24
D¯4DαjLij and σ =
i
144
D¯4DijLij . (4.5)
According to the prescription given in section 2, we localize the parameters of the
global symmetry transformations by relaxing the reality condition hαα˙ = h¯αα˙, while
maintaining the chirality preserving condition (2.1). However, in view of the discussion
above we consider only those hαα˙ that can be written in terms of Lij where Lij is an
arbitrary symmetric superfield.
12We checked that for super-Poincare´ transformations it is even possible to integrate further by
Lij = D
α
(iAαj) However, as this does not seem to play a role for the Superfield Noether Procedure, we
do not explore this possibility further in the present work.
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4.2 N = 2 Vector Multiplet
As a first application of the general formalism we consider the Abelian vector multi-
plet [43]. This multiplet plays an important role for the low energy effective description
of non-Abelian N = 2 Yang-Mills theory [9]. The vector multiplet is described by a
chiral superfield A of R-weight -2 and dimension 1, subject to the Bianchi constraint
DijA = D¯ijA¯. This constraint can be solved by A = D¯4DijVij where the prepotential
Vij is a real superfield.
The global superconformal transformation of A is given by (2.8) with q = 3
2
(and,
of course, q¯ = 0 since A is chiral). Although the corresponding local transformation,
i.e. when Lij is free, does preserve the chirality of A, it does not preserve the Bianchi
constraint. Nevertheless, we can proceed by complete analogy with the N = 1 case:
this suggests to generalize the transformation (3.30) of the N = 1 prepotential V to
δVij ≡ − i
48
(ALij − A¯L¯ij). (4.6)
Using the definition of A and the constraints it satisfies, we then compute the trans-
formation of A. It leads to
48iδA = D¯4(DijALij) + 2D¯4(DαjLijDiαA) +AD¯4DijLij − D¯4(A¯DijL¯ij) . (4.7)
The Bianchi constraint enables us to write the first term in this variation as
D¯4(D¯ijA¯Lij) = D¯4(A¯D¯ijLij). Then, using the definition of H and H¯ we end up with
δA = − i
24
D¯4
(
DαjLijD
i
αA
)
− i
48
D¯4DijLij A− i
48
D¯4
[
(H − H¯)A¯
]
. (4.8)
Therefore, this transformation is a suitable one as it reduces to the transformation (2.8)
in the superconformal limit H = H¯ and furthermore preserves the Bianchi constraint.
4.2.1 Variation of the holomorphic Action
As for the N = 1 chiral multiplet, the most general local action for the vector mul-
tiplet consists of holomorphic and a non-holomorphic terms. We first consider the
holomorphic part, referring non-holomorphic terms to subsection 4.2.3.
The general holomorphic action is given by
S[A] ≡ 1
4pi
Im
∫
d8z+F(A). (4.9)
The classical Yang-Mills action corresponds to F(A) ≡ τA2 with τ ≡ θ
2pi
+ i4pi
g2
where
g is the coupling constant and θ the vacuum-angle. For convenience, we also introduce
the dual superfield AD ≡ F ′(A). The equations of motion are then DijAD = D¯ijA¯D.
It is now straightforward to compute the variation of the action (4.9) under the
transformation (4.8). Indeed, as
δF = − i
24
D¯4
(
DαjLijD
i
αF
)
− 3σAAD − i
48
D¯4
[
(H − H¯)A¯AD
]
, (4.10)
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the variation of the action is
δS =
1
4pi
Im
{
− i
24
∫
d12z DαjLijD
i
αF − 3
∫
d8z+σAAD − i
48
∫
d12z (H − H¯)A¯AD
}
.
(4.11)
Then, we successively integrate by parts the first term, write it as an integral on the
chiral superspace, use the chirality of F(A) and the relation (4.5) between σ and Lij
to obtain:
δS =
1
4pi
Im
{
6
∫
d8z+ σ(F − 1
2
AAD)− i
48
∫
d12z (H − H¯)A¯AD
}
. (4.12)
This means that the variation of the action can be written as
δS = i
∫
d12z (H − H¯)T − 144i
∫
d8z+ σJ + 144i
∫
d8z− σ¯J¯ (4.13)
with
T = − i
384pi
(AA¯D − A¯AD), J = 1
192pi
(F − 1
2
AAD) . (4.14)
This result deserves some comments:
1) Contrary to the general situation of section 2, it is not possible to obtain the
variation of the action (4.9) in terms of hαα˙ due to the constraints on A.
2) Nevertheless, the invariance of the action under super-Poincare´ transformations
is explicit as H = H¯ and σ = σ¯ = 0 for these transformations.
Moreover, as in N = 1, the conservation equations are obtained from (4.13) by
expressing H , H¯, σ and σ¯ in terms of the free parameters Lij and L¯ij. This leads to
DijT = −iD¯ijJ¯ . (4.15)
3) Contrary to the situation in N = 1, there is no freedom in the definition of T
and J i.e. they are uniquely determined in terms of the constrained superfield A.
4) It is now clear from 3) that the theory is superconformal invariant if and only if
J = 0. Hence, in analogy with the N = 1 case, J is the superconformal anomaly and
therefore our method provides a simple derivation of the anomalous superconformal
‘Ward identity’ first derived in [20].
4.2.2 Central Charge
For classical N = 2 Yang-Mills theory, the central charge was first computed in [44] by
explicit evaluation of the anticommutator of the supersymmetry charges. The quantum
corrected effective central charge of N = 2 supersymmetry is important because it
determines the mass of the BPS states in the quantum theory. Indeed, the central
charge formula for low-energy effective action of N = 2 Yang-Mills theory which was
assumed in [9] contains the seeds of the duality properties of this model [10, 11].
That this assumption is correct was proved in components in [45, 46]. In general, the
complete computation of central charges for effective theories in components is a rather
magnificent task. On the other hand, we have seen in subsection 3.3 that the Superfield
Noether Procedure leads to a simple computation even for complicated actions. This
method naturally extends to the N = 2 case and as we shall now show it leads to
a simple and efficient computation of the effective central charge. In order to have
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equivalence with the canonical computation [44, 45, 46] it is, however, important to
work with the canonical multiplet.
As inN = 1, we first determine the supersymmetry current by taking Lij = − i9εα(i(x+)θαj)θ¯4
and L¯ij =
2i
9
εαk(x
−)θ3kα θ¯ij. This leads to
Jµiα = 192
[
iσ
µ
αα˙D¯
α˙
j D
ijT − 3iσ¯µα˙βD¯iα˙DαβT − 12∂µDiαT + aσµν βα ∂νDiβT
]
| , (4.16)
where the term parametrized by a corresponds to an improvement term. Note that the
first term in the r.h.s.. of (4.16) is equal on-shell to 192σµαα˙D¯
3α˙iJ¯ . As the second term
in the r.h.s of (4.16) is traceless, the trace of Jµiα is simply given by
(σ¯µJµ)
α˙i = 192
[
−4D¯3α˙iJ¯ − 3
2
(8 + a)∂α˙αDiαT
]
|. (4.17)
Therefore, this trace vanishes when J = 0 (superconformal case) and a = −8.
Next, we give the relevant part of the variation of Jµiα referring to appendix B.1 for
details of this computation:
δαiJ
µ
βj = ∂ν
{
24iεαβεijZ
µν + 96(a+ 24)
[
εijσ
µν γ
(α Dβ)γT |+ σµναβDijT |
]}
(4.18)
where we have defined
Zµν ≡ 96
[
σ¯
µν
α˙β˙
D¯α˙β˙J¯ − i(1
2
− a
48
)σµναβD
αβT
]
|. (4.19)
One way to fix the value of a corresponding to the canonical current is to go to com-
ponents in the particular case of classical Yang-Mills theory, where F(A) is quadratic.
This leads to a = −24. However, it is also possible to determine this value at the
superspace level, for any F , by comparing the variation (4.18) of the supersymmetry
current and the supersymmetry algebra
{Qαi, Qβj} = 1
4
εij εαβ Z + σ
0k
αβΛk(ij). (4.20)
Indeed, this Poisson algebra allows only terms having the same symmetry properties
in the SU(2)R and spinor indices. On the other hand as {Qαi, Qβj} = ∫ d3xδαiJ0βj, it is
clear that the r.h.s. of equation (4.18) has the required symmetry only when a = −24.
Note that this implies the vanishing of Λk(ij). According to the previous discussion, the
central charge Z is then given by
Z =
∫
d3xδαiJ0αi = 96
∫
d3x∂iZ
0i . (4.21)
where Z0i is given for a = −24 by
Z0i = 96i
[
σ¯0i
α˙β˙
D¯α˙β˙J¯ − iσ0iαβDαβT
]
| . (4.22)
Note that this result is universal in the sense that this formula for the center is valid
for any theory whose variation of the action takes the form (4.13).
Using the particular expressions (4.14) of T and J¯ , we end up with
Z0i =
i
4pi
A¯
{
σ0iαβD
αβAD − σ¯0iα˙β˙D¯α˙β˙A¯D
}
| − i
4pi
A¯D
{
σ0iαβD
αβA− σ¯0i
α˙β˙
D¯α˙β˙A¯
}
|. (4.23)
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This result, which is the expression of the central charge in superspace exhibits man-
ifestly the duality between A and AD. However, to complete the calculation we need
to identify the r.h.s. of (4.23) with the electric and magnetic charges.
To identify the magnetic charge we use that13 DαβA| ≡ 12√3Fαβ , where Fαβ ≡
Fµνσ
µν
αβ and B
i ≡ 1
2
εoijkFjk. It follows then that
Bi = −i
√
3
[
σ0iαβD
αβA− σ¯0i
α˙β˙
D¯α˙β˙A¯
]
|. (4.24)
Next we determine the conjugate momentum Πi of the gauge field. In general, it is
not straightforward to determine the conjugate momentum of a field in superspace.
However, we proceed by using that Πi can be extracted from the Gauss law ∂iΠ
i = 0
which is an equation of motion. More precisely, the gauge field appears in the action
only via the field strength (in superspace language, this is reflected by the fact that the
superfield A is a gauge invariant object). Therefore, we have the sequence of equalities:
∂iΠ
i = ∂i
∂L
∂(∂0Ai)
= −∂i ∂L
∂(∂iA0)
=
δS
δA0
, (4.25)
which is just expressing the fact that Gauss law is equivalent to δS
δA0
. To obtain Gauss
law in superspace we then proceed in two steps. First we compute the fundamental
derivative
δ
δA0(y)
(DαβA|(x)) = − 1√
3
σ0iαβ∂x iδ(x− y). (4.26)
Then we identify the terms in the action containing DαβA. Now, since
D4F(A) = F ′D4A+ 3DαiF ′D3αiA+
3
2
DijF ′DijA− 3
2
DαβF ′DαβA−D3αiF ′DαiA,
(4.27)
the terms we are looking for are
− 3
8pi
Im
∫
d4x DαβF ′DαβA|. (4.28)
Differentiating with respect to A0 and using (4.26) we then end up with
δS
δA0
= −
√
3
8pi
∂i Im
[
σ0iαβ
(
DαβF ′ + F ′′DαβA
)]
|. (4.29)
Thus we have
Πi = −
√
3
8pi
Im
[
σ0iαβ
(
DαβF ′ + F ′′DαβA
)]
|. (4.30)
We now consider the phase space for which φ ≡ A| goes to a constant at infinity and
where the fermions DαiA| decrease sufficiently fast enough such that
F ′′DαβA| = DαβF ′| − F ′′′DαiADβi A|
|x|→∞−→ DαβF ′|. (4.31)
13For classical Yang-Mills theory where F(A) = i 4pi
g2
A2, this definition leads to the usual normal-
ization − 14g2FµνFµν .
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Therefore, we have, at infinity, Πi = −
√
3
4pi
Im σ0iαβD
αβAD|, i.e.
Πi = i
√
3
8pi
[
σ0iαβD
αβAD − σ¯0iα˙β˙D¯α˙β˙A¯D
]
|. (4.32)
Finally, combining the expressions (4.24) and (4.32) respectively for the magnetic and
electric fields, the result for the central charge (4.23) can be rewritten as
Z0i
|x|→∞−→ 2√
3
{
A¯Πi + 1
8pi
A¯DBi
}
| (4.33)
which corresponds to the result found in [45].
4.2.3 Non-holomorphic Action
We now consider a non-holomorphic, local action for the vector multiplet
S[A] ≡
∫
d12z H(A, A¯). (4.34)
To compute the corresponding T and J , we start from the following form of (4.8):
δA = 1
2
hαα˙∂αα˙A+ λαiDαiA− 3σA− i
48
D¯4
(
(H − H¯)A¯
)
. (4.35)
The contributions from the last two terms to T and J are immediately obtained. Let
us so concentrate on the first two terms. We use the relations (2.3) to obtain
δS =
∫
d12z
{
hαα˙
(
1
2
HA∂αα˙A+ i
8
D¯iα˙DαiH
)
+ h¯αα˙
(
1
2
HA¯∂αα˙A¯ −
i
8
DαiD¯α˙i H
)}
=
∫
d12z
1
2
(hαα˙ − h¯αα˙)(1
2
HA∂αα˙A− 1
2
HA¯∂αα˙A¯ −
i
8
[Dαi, D¯
i
α˙]H)
=
∫
d12z
1
2
(hαα˙ − h¯αα˙)( i
4
HAA¯DαiAD¯iα˙A¯) . (4.36)
We conclude by using the relation (4.4) between hαα˙ and H and by integrating by
parts. Adding up all the contributions finally leads to
T = − 1
48
[
A¯D¯4HA +AD4HA¯ + 3[Dαi, D¯α˙i ](HAA¯DjαAD¯α˙jA¯)
]
, (4.37)
J = − i
48
AD¯4HA. (4.38)
We finish this section by showing that the non-holomorphic part of the action does
not contribute to the center. We denote generically by a subscript h, holomorphic
terms and by a subscript n.h., non-holomorphic ones.
Among the diverse terms that appear in the expression (4.22) for the center Z0in.h.,
we concentrate on the ones which fall off slowest at infinity. Let us take the example of
D¯α˙β˙J¯ ∝ D¯α˙β˙(A¯D4HA¯). Remember that the dimension of A is −1. Furthermore, as
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A| goes to a constant at infinity, all the derivatives of H share this property. Therefore,
the term that decreases the least is the one where as less as possible derivatives act
on H namely A¯HAA¯(D¯α˙β˙D4A). Clearly, this term decreases sufficiently fast enough at
infinity, and thus, this holds similarly for all the other terms. As a consequence, there
is no contribution to the center from J¯ and, for the same reasons, from T such that
Z0in.h.
|x|→∞−→ 0. However, in the same way, by computing the Gauss law, it is easy to
prove that at infinity, the non-holomorphic terms do not contribute to Πi. Thus, in a
theory where both holomorphic and non-holomorphic terms are present, we have, on
one hand, Πi = Πih.+Π
i
n.h.
|x|→∞−→ Πih. and on the other hand Z0i = Z0ih.+Z0in.h.
|x|→∞−→ Z0ih. .
Therefore,
Z0i
|x|→∞−→ 2√
3
{
A¯Πih. +
1
8pi
A¯DBi
} ∣∣∣∣ = 2√
3
{
A¯Πi + 1
8pi
A¯DBi
} ∣∣∣∣. (4.39)
This proves that the central charge is entirely determined by the holomorphic part of
the action.
4.3 N = 2 Tensor Multiplet
The second example of a N = 2 theory with off-shell superfield formulation we consider
is the tensor multiplet [50, 51]. This multiplet is described by a chiral field Φ of
dimension 1 and R-weight −2 and classical action
S[Φ] ≡
∫
d4xd8θ ΦΦ¯ + 24
∫
d4xd4θ Φ(m2 − )Φ + 24
∫
d4xd4θ¯ Φ¯(m2 − )Φ¯. (4.40)
For m = 0, this action is invariant under the gauge transformation δΦ ≡ D¯4DijKij
where Kij is real. The invariant “field strength” tensor is given by
Fij ≡ i(DijΦ− D¯ijΦ¯) (4.41)
which is the analogue of eq.(3.38) for the N = 1 tensor. It satisfies the following
properties:
D¯
(i
α˙F
jk) = 0 (completely symmetric) ,
D¯α˙iFjk =
2
3
εi(jD¯
l
α˙Fk)l , D¯ijFkl =
1
3
εi(kεjl)D¯
mnFmn . (4.42)
Finally, D¯ijF
ij is chiral and so is D¯ijFkl as a consequence of (4.42).
The equation of motion can be written in the two equivalent forms
D¯4Φ¯− 48( −m2)Φ = 0 ⇐⇒ iD¯ijFij + 48m2Φ = 0. (4.43)
4.3.1 Supercurrent
The variation of Φ under superconformal transformations is given by eq.(2.8) with
q = 3
2
(and q¯ = 0), i.e.
δΦ = − i
48
D¯4Dij(LijΦ) +
i
48
D¯4(LijD
ijΦ) . (4.44)
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As in N = 1, it is convenient to add to the local corresponding transformation the
term − i
48
D¯4
(
(H − H¯)Φ¯
)
that vanishes in the global limit. This leads to
δΦ =
1
48
D¯4(LijF
ij)− i
48
D¯4Dij(LijΦ− L¯ijΦ¯) , (4.45)
which is of the same form as for the vector multiplet. The advantage of this form is
that, for m = 0, the second term is in fact a gauge transformation and can be ignored.
To continue we then treat the variation of the mass term, Sm, and of the gauge invariant
part, Sg separately. The action Sm is similar to the N = 2 classical Yang-Mills action,
i.e. the action (4.9) with F(A) ≡ i192pim2A2. It follows then from (4.13)-(4.14) that
δSm = −2im2
∫
(H − H¯)ΦΦ¯ . (4.46)
Sg being gauge invariant, we can compute its variation by taking only into account the
first term in the variation given by eq.(4.45). This leads to
δSg =
∫
d4xd4θ δΦ
δSg
δΦ
+ c.c. =
∫
d4xd8θ (
1
48
LijF
ij)
δSg
δΦ
+ c.c.
=
i
48
∫
LijF
ijD¯klFkl + c.c. (4.47)
Naively, one might expect that this variation should be proportional to H − H¯ and σ.
However, it turns out that it is impossible to write it in this form. Nevertheless, it can
be brought into the suggestive form
δSg =
i
48
[
∫
(H − H¯)F ijFij + 3
10
(H − H¯)ijklF ijF kl ] (4.48)
where
Hijkl ≡ D¯(ijLkl) (completely symmetric). (4.49)
This result relies on the identity
FijD¯
klFkl = D¯ij(F
klFkl) +
3
10
D¯kl(F(ijFkl)) , (4.50)
which in turn can be obtained from the properties (4.42) of the field strength. More
precisely, one shows that
D¯ij(F
klFkl) =
2
3
FijD¯
klFkl − 4
9
D¯kα˙F(ikD¯
α˙lFj)l ,
(4.51)
D¯kl(F(ijFkl)) =
10
9
FijD¯
klFkl +
40
27
D¯kα˙F(ikD¯
α˙lFj)l .
We then get the relation (4.50) as a consequence of (4.51).
Taking the sum of (4.46) and of (4.48), we end up with the variation of the total
action for the tensor multiplet
δS =
i
48
∫
d12z (H − H¯)(F ijFij − 96m2ΦΦ¯) + 3
10
(H − H¯)ijklF ijF kl . (4.52)
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Therefore we define
T ≡ 1
48
(
F ijFij − 96m2ΦΦ¯
)
and T ijkl ≡ 1
160
F (ijF kl) , (4.53)
where T ijkl is completely symmetric. Indeed, it follows from the analysis of subsec-
tion 4.1, and from the expression (A.7) of Lij for superconformal transformations, that
for N = 2 super-Poincare´ and U(1)R transformations, H and Hijkl are both real. Thus,
eq.(4.52) makes the invariance of the action under these transformations explicit and
the corresponding conserved currents are expressed as components of T and T ijkl in
analogy with the previous examples. For the SU(2)R-transformations and the corre-
sponding current, the situation is more subtle. We refer the proof for this case to
subsection 6.3. Finally, if we define τ ij ≡ −D¯klT ijkl, the conservation equation follow-
ing from (4.52) can be written as
D¯ijT = τ ij = −D¯klT ijkl. (4.54)
This form of the conservation equation, which was proposed in [52], is similar to that
proposed in [53] except from the fact that here τ ij is not real.
4.3.2 Central Charge
We end this section with the computation of the center for the N = 2 tensor multiplet.
As for the vector multiplet, we first determine the supersymmetry current. A short
computation shows that T ijkl contributes to Jµiα a term
768iσµαα˙D¯
α˙
j DklT
ijkl = −768iσµαα˙D¯α˙j DijT (4.55)
where we have used the equation of conservation. This means that Jµiα can be expressed
in terms of T only. This is due to the fact that, for supersymmetry transformations,
it is possible to localize Lij such that Hijkl = H¯ijkl is still satisfied.
14 Taking all the
contributions we end up with
Jµiα = 192
[
−3iσµαα˙D¯α˙j DijT − 3iσ¯µα˙βD¯iα˙DαβT − 12∂µDiαT + aσµν βα ∂νDiβT
]
| . (4.56)
Note that as a consequence of the conservation equation (4.54), we have D3αiT = 0
on-shell. This identity is useful for the following reason. As explained for the vector,
to fix the value of the coefficient a corresponding to the canonical case and to determine
the center, we have to compute the symmetric or antisymmetric part of DiαJ
0
βi respec-
tively. However, the corresponding variation of the first term in the r.h.s. of (4.56) is
proportional to DiαD¯
α˙jDijT ∝ D¯α˙jD3αjT = 0. Therefore, we can ignore this term for
our purpose.
Let us now consider the variation of the second term in the r.h.s. of (4.56). Using
the algebraic identity (B.3) and the fact that D3T vanishes on-shell, we get
Diα
[
−3iσ¯0α˙γD¯α˙iDβγT
]
= −24
[
σµ0 γα ∂µDβγT −
1
2
∂0DαβT
]
. (4.57)
14This choice of Lij differs from the one made in section 4.2.2 by terms proportional to the derivative
of εαi . The corresponding currents are equal on-shell (see also remark in section 2).
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Finally, the variations of the last two terms in the r.h.s. of (4.56) can be easily read
from the results (B.6) and (B.8). Here we give the result. First, as in the case of the
vector multiplet, the canonical supersymmetry current corresponds to a = −24. Then,
we get Z = 96
∫
d3x∂iZ
0i with
Z0i = 96σ0iαβD
αβT | . (4.58)
That is we recover the universal formula (4.22) with J = 0. Using the expression (4.53)
of T we then end up with
Z0i = 2σ0iαβD
αβ
(
F ijFij − 96m2ΦΦ¯
) ∣∣∣∣ . (4.59)
However,
DαβFij = i(DαβDijΦ−DαβD¯ijΦ¯) = 8∂(αα˙Dβ)(iD¯α˙j)Φ¯ = 0 (4.60)
where we have used the fact that DαβDij = 0, the result (D.4) of appendix D.2 and
the anti-chirality of Φ¯. As a consequence, the first term in the center (4.59) receives
contribution only from (DF )2 i.e. from fermions. Therefore, two cases have to be
considered.
• m 6= 0 : in that case all the fields decrease sufficiently fast enough at infinity such
that the center vanishes.
•m = 0 : as there are only contributions from the fermions that decrease sufficiently
fast enough at infinity, the center vanishes also in that case.
5 Linearized Supergravity
It is well known that the on-shell multiplet of Noether currents of supersymmetric
matter theories can be used to construct off-shell Supergravities [12], at least at the
linearized level. The purpose of this section is to discuss some elements of constructing
supergravities directly on the superfield level using the Superfield Noether Procedure
developed in this paper.
Coupling matter to gravity means gauging the super-Poincare´ transformations. As
explained in section 2, super-Poincare´ transformations are parametrized by hαα˙ = h¯αα˙
and
σ = σ¯ = Λij = 0 . (5.1)
On the other hand, we recall from (2.11) and (2.12) that the variation of the matter
action under an arbitrary local transformation is of the general form
δS[OAJ] =
i
16
∫
d4+4N z
{(
hαα˙ − h¯αα˙
)
Tαα˙ + i
(
hαα˙ + h¯αα˙
)
Kαα˙
}
− 1
2
∫
d4+2N z+ σJ − 1
2
∫
d4+2N z− σ¯J¯ ,
(5.2)
where
Kαα˙ = − i
4
[Diα, D¯iα˙](X − X¯)−
N
2
∂αα˙(X + X¯). (5.3)
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To construct an invariant action at the linear level, one follows the standard procedure
of coupling the currents to potentials. Concretely we introduce the real superpotentials
Hαα˙, B, C, as well as a chiral potential Ω and add the terms
i
16
∫
d4+4N z {Hαα˙Tαα˙+B(X+ X¯)+C(X−X¯)}− 1
2
∫
d2+2N z+ ΩJ− 1
2
∫
d2+2N z− Ω¯J¯
(5.4)
to the action. The supergravity potentials must then transform like
δHαα˙ ≡ −(hαα˙ − h¯αα˙) ,
δB ≡ − iN
2
∂αα˙(h
αα˙ + h¯αα˙) , δC ≡ −1
4
[Diα, D¯iα˙](h
αα˙ + h¯αα˙) ,
δΩ ≡ −σ .
(5.5)
By construction, the action obtained in this way has a larger invariance than the su-
perdiffeomorphisms. In particular, it is invariant under linearized Weyl transformations
hαα˙ ≡ i12N θ
α
i θ¯
α˙iσ(x+), h¯αα˙ ≡ −i12N θ
α
i θ¯
α˙iσ¯(x−). (5.6)
Indeed, hαα˙ satisfies the chirality preserving constraint D¯
(β˙
i h
αα˙) = 0. On the other
hand, the metric gµν , which is proportional to σ¯(µα˙ασ¯ν)β˙β[Diα, D¯α˙i]Hββ˙|, transforms
as required for a Weyl transformation. Therefore, Ω ensures that the gauged action
is Weyl invariant. In order to restrict the gauge group to the superdiffeomorphisms
alone, Ω has to be set to a fixed value. Thus Ω is a compensator.
5.1 Improvement Terms
From the point of view of linear supergravity, the supersymmetry current and the
stress-energy tensor are obtained by variation of the action (5.4) with respect to the
gravitino and the metric respectively. We now explain how to obtain the various
conserved currents differing by improvement terms. The procedure is analogous to that
used in the Weyl gauging [54] to understand the relation between non-minimal coupling
and improvement terms for the stress-energy tensor of non-supersymmetric theories.
The key point is that the divergence of the gauge potential for the scale symmetry
transforms like the Ricci scalar R under diffeomorphisms and Weyl transformations.
We start by explaining how this works here at the component level and show how
the Weyl gauging is done at the level of the multiplets within the superfield Noether
procedure. For simplicity we first consider a generic N = 1 theory.
Components We can identify the component in B and C transforming like the
Ricci scalar R by noting that
δ(D2D¯2B) = −96i σ¯, δ(D2D¯2C) = 96i σ¯. (5.7)
Therefore, the highest component, d, of B (and similarly for C) is a scalar that trans-
forms like R, which, at the linear level, is given by R = ∂µ∂νg
µν− gµµ. Therefore, the
component d can either be considered as independent of the metric or to be d′+b1R. It
is then clear that variation of (5.4) with respect to the metric will give an improvement
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term of the form b1(η
µν − ∂µ∂ν)(X + X¯) for T µν , which is what we were looking for.
We can repeat the same procedure with the second highest component of B (and C)
to improve the supersymmetry current.
Superfield In order to see how this procedure lifts to superspace, we recall the
identities (2.13) satisfied by the parameter superfield hαα˙. Take now a representative
triplet of currents, (T,X, J) say, and the corresponding linearized action (5.4). Now,
due to (2.13), the variations of these potentials are not independent. Indeed we have
δB + 1
12
[Dα, D¯α˙]δH
αα˙ + 8i(δΩ + δΩ¯) = 0,
δC + 3
2
i∂αα˙δH
αα˙ + 24i(δΩ− δΩ¯) = 0.
(5.8)
In particular, if we replace C in (5.4) by −3
2
i∂αα˙H
αα˙ − 24i(Ω − Ω¯), then the total
action obtained in this way is also invariant. The effect of this substitution is, as in the
component approach, to relate the top components of C to the metric and gravitino,
but this time in a supersymmetric way.
In order to make the equivalence with adding improvement terms explicit, we take
two superfields U and V and rewrite (5.4) as
i
16
∫
d8z {Hαα˙Tαα˙ +B(X + X¯ + U) + C(X − X¯ + V )− BU − CV }
−1
2
∫
d6z+ ΩJ − 1
2
∫
d6z− Ω¯J¯ . (5.9)
Then, using (5.8), we replace (5.9) by
i
16
∫
d8z {Hαα˙Tαα˙ +B(X + X¯ + U) + C(X − X¯ + V )
−
[
− 1
12
[Dα, D¯α˙]H
αα˙ − 8i(Ω + Ω¯)
]
U −
[
−3i
2
∂αα˙H
αα˙ − 24i(Ω− Ω¯)
]
V }
−1
2
∫
d6z+ ΩJ − 1
2
∫
d6z− Ω¯J¯ . (5.10)
The total action obtained in this way is, of course, also invariant under superdiffeo-
morphisms and Weyl transformations. Integrating by parts and regrouping the terms
in Ω and Ω¯, we end up with
i
16
∫
d8z {Hαα˙
[
Tαα˙ +
1
12
[Dα, D¯α˙]U − 3i
2
∂αα˙V
]
+B(X + X¯ + U) + C(X − X¯ + V )} (5.11)
−1
2
∫
d6z+ Ω
(
J + D¯2U + 3D¯2V
)
−1
2
∫
d6z− Ω¯
(
J¯ +D2U − 3D2V
)
.
Therefore, starting with the coupling (5.4) and the representative (T,X, J), we have
constructed a different coupling (5.11) associated with another representative (T ′, X ′,
J ′). This shows explicitly how the equivalence relation (2.14) relates different super-
gravities to each other. In particular, if the matter action is conformal, we can obtain
the conformal N = 1 supergravity [21, 37] in this way.
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Comparison with the literature: Let us now see how we can recover the existing
results in the literature [6, 21, 22, 23, 24] on the various linearized N = 1 supergravities
from our formalism. For this, we first recall the conservation equation (3.6)
D¯α˙Tαα˙ +Wα +Dατ = 0 (5.12)
with
Wα ≡ 1
4
D¯2Dα(X − 2X¯), τ ≡ 1
4
D¯2X − 1
6
J. (5.13)
Let us now furthermore impose the restriction that X is purely imaginary, X = −X¯ .
In this case we can compare the conservation equation (5.12) with eq. (3.4) in [24].
The case n = −1
3
(old minimal) in [24] then corresponds to Wα = 0 in (5.12), whereas
n = 0 (new minimal) in [24] corresponds to τ = 0. For all other real n, eq.(3.4) in [24],
with λβ = DβΓ, can be written as
D¯α˙Jαα˙ =
i
6
D¯2Dα(Γ + Γ¯)− i
3
1
3n+ 1
DαD¯
2Γ¯ . (5.14)
This then agrees with (5.12) provided we identify
i
6
(Γ¯ + Γ) = −3
2
X and
i
3(3n+ 1)
D¯2Γ¯ = τ = −1
6
J +
1
2
D¯2X . (5.15)
For a general Wα (X and X¯ unrelated) and τ = 0, the multiplet has (16 + 16) com-
ponents. If furthermore τ 6= 0, we count (20 + 20) components, which agrees with the
non minimal supergravity.
Finally, if we impose no relation between the various improvement terms, we showed
in subsection 3.1.3 that we have to count all components of X . So, we end up with
(28 + 28) components, which agrees with the number of components of the flexible
supergravity proposed in [25].
5.2 N = 2 Supergravity
To obtain a linearized N = 2 supergravity we can start with theN = 2 vector multiplet
discussed is subsection 4.2. In analogy with theN = 1 case, we introduce the potentials
Λ, Ω and a coupling ∫
d12z ΛT +
∫
d8z+ ΩJ +
∫
d8z− Ω¯J¯ . (5.16)
The corresponding transformations are
δΛ ≡ −i(H − H¯), δΩ ≡ 144iσ. (5.17)
Note that the Weyl multiplet Λ, which was derived in [53] within harmonic superspace,
arises here in ordinary superspace as a direct consequence of the localized transforma-
tion (4.8) of the vector multiplet A.
To see how the improvement terms are traced to supergravity couplings we again
follow the same path as for N = 1. Concentrating on the stress-energy tensor we notice
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that the improvement term is a double derivative of lowest component in the supercur-
rent T . Thus the highest component of Λ transforms like the Ricci scalar and therefore
we are free to relate it to the metric. What is different here is that there is no relation
of the type (5.8) between the variation of the different superpotentials. However, we
can nevertheless implement the substitution at the superspace level by expressing Λ in
terms of the unconstrained spinor superfield ψαi of Poincare´ supergravity [50] as
Λ ≡ Dαiψαi + D¯α˙iψ¯α˙i . (5.18)
This has indeed the effect of relating the highest component of Λ to the metric.
6 Multiplet of Currents
In this section we present the algebra of the component Noether currents and exhibit the
on-shell multiplet structure of a general, i.e. not necessarily minimal, supermultiplet.
6.1 N = 1 Multiplets
We start from the variation of the energy-momentum tensor, obtained in the same
manner as the supersymmetry current (3.44) in section 3, by choosing Lα = θ¯α˙a
αα˙(x−).
We then find
δS = −2
∫
d4x aαα˙
(
∂αβ˙D¯
β˙DβT˜βα˙ − ∂βα˙DβD¯β˙T˜αβ˙ − ∂ββ˙D¯α˙DβT˜αβ˙ + ∂ββ˙DαD¯β˙T˜ βα˙
)∣∣∣∣ ,
(6.1)
from which we extract the symmetric energy-momentum tensor:
Tµν =
(
4σαα˙(µ [Dα, D¯α˙]T˜ν) − 4ηµνσραα˙[Dα, D¯α˙]T˜ρ
+(∂µ∂ν − ηµν )(b1(X + X¯) + ib2(X − X¯))
)∣∣∣∣ .
(6.2)
The two real constants b1 and b2 introduced here correspond to improvement terms.
Its trace is given by:
Tµ
µ =
(
−2(D2J˜ + D¯2 ¯˜J)− 3 (b1(X + X¯) + ib2(X − X¯))
) ∣∣∣∣ . (6.3)
Using (3.44), the supersymmetry transformation of Tµν can then b written as
δαTµν = 8σρ(µα
β∂ρjν)β
+
(
(∂µ∂ν − ηµν )Dα((b1 + 2a1)(X + X¯) + (ib2 + 2a2)(X − X¯))
) ∣∣∣∣ . (6.4)
It contains not only the derivatives of the supersymmetry current, as expected, but
also the derivatives of DαX|, which shows that DαX| belongs to the multiplet. The
28
variations of the supersymmetry current, in turn, are given by
δαjµβ = σµναβ∂
ν
(
8
3
¯˜
J +
1
2
D2(a1(X + X¯) + a2(X − X¯))
) ∣∣∣∣ , (6.5)
σαα˙µ δ¯α˙jνα =
i
2
Tµν − 4∂µj˜(5)ν + 4ηµν∂ρj˜(5)ρ − 2iεµνρλ∂ρj˜(5)λ
+
3i
8
εµν
ρλσαα˙λ
(
[Dα, D¯α˙]∂ρ(a1(X + X¯) + a2(X − X¯))
) ∣∣∣∣ , (6.6)
where we have defined
j˜(5)µ =
(
T˜µ +
1
16
σαα˙µ [Dα, D¯α˙](a1(X + X¯) + a2(X − X¯))
+ i
8
∂µ((b1 + 2a1)(X + X¯) + (ib2 + 2a2)(X − X¯))
)∣∣∣∣ .
(6.7)
Therefore, both X| and J˜ | have to be included in the multiplet. In turn, this implies
that the multiplet is formed by the components of the superfields T˜ , J˜ and X .
6.2 N = 2 Vector Multiplet
With Lij = − 118θα(iθ¯3α˙j) aαα˙(x+), one finds
T µν = −24 [1
2
ηµν{Dij, D¯ij}T − 32 σ¯µα˙ασ¯νβ˙β{Dαβ, D¯α˙β˙}T
+48ηµν T − b(ηµν − ∂µ∂ν)T ]|.
(6.8)
Again, on-shell the first term in the r.h.s. of (6.8) is equal to −12iηµν(D4J − D¯4J¯ ).
Next we determine also the value of b for the two interesting cases. The second term
in the r.h.s. of (6.8) is traceless and thus we immediately have
T µµ = −48i(D4J − D¯4J¯ )|+ 72(b− 64) T | . (6.9)
Therefore, this trace vanishes again when J = 0 and b = 64.
The value of b corresponding to the canonical stress-energy tensor can only be fixed
at the components level. For this purpose, we consider classical Yang-Mills theory. All
the fields being decoupled, it is enough to determine the contribution from the scalar
field φ ≡ A| to the Hamiltonian density T 00. So, suppose that F(A) ∝ A2. It follows
then from (4.14) that T = AA¯, up to some global factor, and that J = 0. Consider
then the different terms of (6.8).
- As J = 0, the first term vanishes on-shell.
- For the second term, when all the fields except φ are set to zero, we have:
{Dαβ, D¯α˙β˙}T | = ADαβD¯α˙β˙A¯|+ c.c. = 16A∂(α(α˙∂β)β˙)A¯|+ c.c. (6.10)
where we have used the chirality of A and the relation (D.5) of appendix D. Using the
identity σ¯µα˙ασ¯νβ˙β∂(α(α˙∂β)β˙) = −ηµν + 4∂µ∂ν , the second term gives a contribution:
24φ
(
−ηµν φ¯+ 4∂µ∂ν φ¯
)
+ c.c. = 96φ∂µ∂ν φ¯+ c.c. (6.11)
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where we have used the equation of motion φ¯ = 0.
- The contribution of the last terms is simply: (b − 48)ηµν (φφ¯) − b∂µ∂ν(φφ¯).
Therefore, on-shell,
T µν ∝ 2(b− 48)ηµν∂ρφ∂ρφ¯+ 96φ∂µ∂ν φ¯+ 96φ¯∂µ∂νφ− b∂µ∂ν(φφ¯). (6.12)
The Hamiltonian density is then
T 00 ∝ −(2b− 96)
[
−|∂0φ|2 + |∂iφ|2
]
+ (96− b)∂0∂0(φφ¯)− 192∂0φ∂0φ¯
T 00 ∝ −(2b− 96)|∂iφ|2 + (2b− 96− 192)|∂0φ|2 + (96− b)∂0∂0(φφ¯) (6.13)
where we have used η00 ≡ −1. Therefore, T 00 corresponds to the Hamiltonian density
if −(2b− 96) = 2b− 96− 192 and 96− b = 0 i.e. when b = 96.
Note that in full generality, improvement terms proportional to J could be added
to the supersymmetry current and to the stress-energy tensor above. However, we do
not consider such a possibility here.
SU(2)R current We obtain
R
µ
ij = −864iσµαα˙[Dα(i, D¯α˙j)]T |. (6.14)
6.2.1 Supersymmetry Transformations of the Currents
The next few subsections are devoted to identifying the super multiplets of Noether
currents [47, 6, 15, 48] for a given choice of improvement terms. For this, we first give
the supersymmetry transformations of the conserved currents. The result is:
δαiR
µ
jk =
3
2
εi(j
[
J
µ
αk) − (24 + a)σµν βα ∂νDβk)T |
]
, (6.15)
δ¯iα˙J
µj
α = ε
ijσναα˙ [−2iT µν + 48i(b− 48 + 2a)(ηµν − ∂µ∂ν)T | ]
+ εij
{
1
4
[a + 24] [σµαα˙∂
ρRρ − ∂αα˙Rµ]− ia
4
εµνρτσταα˙∂νRρ
}
(6.16)
+
i
36
(a− 24)∂αα˙Rµ ij − 1
36
(a+ 24)εµνρτσταα˙∂νR
ij
ρ ,
δαiJ
µ
βj = ∂ν
{
24iεαβεijZ
µν + 96(a+ 24)
[
εijσ
µν γ
(α Dβ)γT |+ σµναβDijT |
]}
, (6.17)
δαiT
µν = σ(µρ βα ∂ρJ
ν)
βi + 24(b− 48 + 2a)(ηµν − ∂µ∂ν)DαiT | . (6.18)
where we have introduced
Rµ ≡ −48σµαα˙[Dαi, D¯α˙i ]T |. (6.19)
It follows from (D.6) that ∂µRµ = −8i[Dij, D¯ij]T , or, using the equation of conserva-
tion (4.15), that
∂µRµ = 8(D4J + D¯4J¯ ) . (6.20)
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6.2.2 Multiplet Structure: General Discussion
Let us now determine with which other components of T , J , and J¯ , the above Noether
currents form a multiplet. For this we first note that, contrary to the situation inN = 1,
for a N = 2 superconformal theory, the conserved R and SU(2)R and the traceless
stress-energy tensor alone can not form a multiplet with the traceless supersymmetry
currents. This is so because the number of bosonic components, i.e. 3 + 9 + 5 = 17
differs from the 16 fermionic components of Jµαi. Hence the improved multiplet contains
other components than the Noether currents above.
The following discussion closely follows that for N = 1. We start with the varia-
tion (6.18) of the stress-energy tensor T µν . Two cases have to be considered.
• b− 48 + 2a = 0: we consider then the variation (6.16) of Jµαi. As b− 48+ 2a = 0,
we conclude that Rµ belongs to the multiplet. However, we then have
δαiRµ = 16i
[
1
192
J
µ
αi − 2σµαα˙D¯3α˙i J¯ | − (a+ 24)σµν βα ∂νDβiT |
]
. (6.21)
Using the relation (4.17) for the trace of Jµαi, we can eliminate D¯
3α˙
i J¯ to obtain
δαiRµ = 16i
{
1
192
[
3
2
J
µ
αi + σ
µνβ
α Jνβi
]
− 3
4
(8 + a)∂µDαiT |+ 1
2
(a− 24)σµνβα ∂νDβiT |
}
.
(6.22)
This shows that χαi ≡ DαiT | also belongs to the multiplet. We then continue with the
variations of χαi. Defining t ≡ T |, and uαβ ≡ DαβT |, we find
δαiχβj =
1
2
εijuαβ − i
2
εαβD¯ijJ¯ |, (6.23)
δ¯α˙iχαj =
i
3456
Rαα˙ij +
1
384
εijRαα˙ + iεij∂αα˙t . (6.24)
From the first variation (6.23) we conclude that D¯ijJ¯ | and therefore all the components
of J¯ belong to the multiplet. The second variation (6.24) shows that t = T | belongs to
the multiplet. As t is the lowest component of T , this shows that the multiplet contains
T . On the other hand, as T , J and J¯ are the only superfields present, we have shown
that, for any value of a and b such that b − 48 + 2a = 0, the multiplet of currents
corresponds to T , J and J¯ constrained by the equations of conservation (4.15).
• b − 48 + 2a 6= 0: in that case, we proceed as follows: the variation (6.18) of T µν
shows that χαi belongs to the multiplet of currents. However, we consider then the
variation (6.24) of χαi. As Rµ and t are real, this shows that both of them belong to
the multiplet. Therefore, the conclusion is the same as in the preceding case.
Let us now choose a convenient set of independent components of T , J and J¯ . We
take Rµij, J
µ
αi, T
µν , Rµ, Zµν , t, χαi, uαβ, J¯ |, D¯α˙iJ¯ | and D¯ijJ¯ |. Indeed, first, D¯α˙β˙J¯ |
is the anti self-dual part of Zµν as given by the equation (4.19). Secondly, D¯3J¯ | and
D¯4J¯ | are related to other components via the ’trace’ equations (4.17), (6.9) and (6.20).
In order to count the number of components of that multiplet, we need to distinguish
between the cases where J 6= 0 and J = 0 respectively.
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6.2.3 Multiplet Structure: Case J 6= 0
In the general case, the theory is neither R-invariant nor conformal invariant. For any
value of a and b, we have the following number of components.
Rµ(4), Rµij(9), Jµαi(−24), T µν(6), Zµν(6),
t(1), χαi(−8), uαβ(6), (6.25)
J¯ |(2), D¯α˙iJ¯ |(−8), D¯ijJ¯ |(6) .
This forms a (40 + 40) multiplet. The algebra satisfied by these components is sum-
marized in subsection B.2 of appendix B.
Let us examine the conditions for R-invariance. As H = H¯ for superconformal
transformations, it follows from the variation (4.13) of the action, and from the specific
value (A.7) of Lij for U(1)R transformations, that the condition is that there exists r
µ
such that −96(D4J + D¯4J¯ ) = ∂µrµ. Considering local U(1)R transformations, we find
that the conserved R-current is in that case Rµ + rµ. However, as in N = 1 and as a
consequence of our general discussion above, this is Rµ itself rather than the R-current
that is in the multiplet. This is to be expected as the supersymmetry current and
stress-energy tensor are not traceless. Therefore, the number of components of the
multiplet is again (40 + 40).
6.2.4 Conformal Case J = 0
When J = 0, the theory is conformal invariant and the equation of conservation is
DijT = 0. It is also R-invariant and Rµ is the conserved R-current. Let us now discuss
how the multiplet structure depends on the improvement terms in the conformal case.
We consider first the improved multiplet [6, 15, 48] which corresponds to the values
a = −8 and b = 64. It has the components
Rµ(3), Rµij(9), Jµαi(−16), T µν(5), uαβ(6),
t(1), χαi(−8). (6.26)
Its dimension is (24+24). The corresponding transformations of these components are
given in [48, 49] and in subsection B.3 of appendix B.
Let us now turn to the canonical multiplet. This corresponds to a = −24 and
b = 96. The difference with the improved multiplet is that here χαi and J
µi
α are not
independent. More precisely, when J = 0 and for a = −24, equation (4.17) becomes
(σ¯µJµ)
α˙i = 4608∂α˙αχiα. Thus, the fermionic components of the canonical multiplet
are as follows: There are the 8 components of χαi. For J
µi
α we have only to count its
traceless part, i.e. 16 components, as the trace is contained in χαi. Hence we recover
the 24 fermionic components of T .
To summarize, for a conformal theory, the canonical multiplet contains the bosonic
components Rµ (3), Rµij (9), (T µν , t) (6), Zµν (6) and the fermionic components
(Jµiα , χαi) (−24). Thus the canonical multiplet is also a (24 + 24) multiplet.
6.3 N = 2 Tensor Multiplet
In this section, we identify the contributions from T ijkl to the various conserved cur-
rents. The currents for the tensor multiplet are then simply the sum of the terms given
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respectively in equations (4.16), (6.8), (6.14), (6.19) and of the terms from T ijkl given
explicitly below.
Stress-energy Tensor For global translations, it follows from (A.7) that Hijkl =
H¯ijkl = 0. It is immediate to see that this also holds for the local Lij taken in subsec-
tion 6.2. Thus, T ijkl does not contribute to the stress-energy tensor.
R-current Again, a short computation indicates that there is no contribution of T ijkl
to the R-current.
SU(2)R Invariance and associated Current Contrary to the N = 2 super-
Poincare´ and U(1)R transformations, for global SU(2)R transformations, we do have
H = H¯ but Hijkl 6= H¯ijkl. More precisely, it follows from (A.7) that
Hijkl − H¯ijkl = −3i
2
ηm(i[θ
m
jθ¯kl) + θ¯
m
jθkl)]. (6.27)
It is nevertheless still possible to express the corresponding SU(2)R current in terms
of T and of Tijkl. To see this, we consider first global transformations and concentrate
on the term giving problem i.e. the one proportional to (H − H¯)ijkl. Its contribution
to the variation of the action under SU(2)R transformations after integration on the
Grassman variables is
27i
20
∫
d4x ηmi[D
m
jD¯kl + D¯
m
jDkl]T
ijkl|. (6.28)
However, we prove in appendix C that(
D(mjD¯kl + D¯
(m
jDkl
)
T i)jkl = −8i∂αα˙[Dαk , D¯α˙l ]Tmikl. (6.29)
Thus, as ηij is symmetric, this proves the invariance of the action and gives the contri-
bution of T ijkl to the SU(2)R current R
µ
ij:
1728iσµαα˙[D
αk, D¯α˙l]Tijkl. (6.30)
Conclusions
In this paper, we developed a method to construct the various multiplets of Noether
currents directly at the superfield level (Superfield Noether Procedure). This formal-
ism is useful in view of a unified treatment of those supersymmetric theories for which
an off-shell superfield formulation exists. In particular, it produces a manifestly super-
symmetric treatment of the various improvement terms interpolating between canonical
and improved Noether currents.
A prominent feature of this formulation is that the various algebraic manipulations
are independent of the complexity of the action for a given supermultiplet. This makes
this approach particularly suited for dealing with (quantum) effective actions of su-
persymmetric theories. As a specific application we obtained an efficient algorithm
to compute the supersymmetry central charge for an arbitrary local action of a given
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off-shell superfield. As another application we gave a systematic derivation of the su-
percurrent of the N = 2 tensor multiplet as well as the multiplet of canonical Noether
currents of N = 2 Yang-Mills theory. As a by-product we then also found a simple
derivation of the anomalous superconformal Ward-Identity for the effective action of
that theory.
Of course, by its very nature the application of our procedure is limited to those
theories for which an off-shell superfield formulation exists. This is an obvious limita-
tion when dealing with models with extended supersymmetry. In view of this, it would
be interesting to generalize our formalism to harmonic superspace [55].
Acknowledgments
We acknowledge helpful discussions with F. Delduc, P. Howe, E. Ivanov, S. Kuzenko and
E. Sokatchev. This work has been supported by the TMR contract FMRX-CT96-0012
of the European Union, the ACI 2078-CDR-2 program of Ministe`re de la Recherche
and by the DFG-Stringtheorie Schwerpunktsprogramm SPP 1096.
A Superconformal Transformations
Below we give the explicit form of the parameter superfields for N = 1 and N = 2
superconformal transformations as well as some useful identities.
A.1 N = 1
The general solution of equations (2.1) and (2.5) is [36]:
hαα˙ = aαα˙ + 4iεαi θ¯
α˙i + 4iε¯α˙iθαi − ωαβxβα˙− + ω¯α˙β˙xαβ˙+ − 4ηθαi θ¯α˙i − 6iηijθαi θ¯α˙j
+κxαα˙ + xβα˙− bββ˙x
αβ˙
+ − xβα˙− ρiβθαi + θ¯α˙iρ¯β˙ixαβ˙+ .
(A.1)
The different parameters correspond to translations aαα˙, supersymmetry transfor-
mations εαi , Lorentz transformations ω
α
β (with ωαβ = ωβα and ω
α
α = 0), U(1)R-
transformations η, SU(N )-transformations ηij (with (ηij)∗ = −ηji and ηii = 0), dila-
tions κ, special conformal transformations bαα˙ and special superconformal transforma-
tions ρiα. Correspondingly we have
Lα = −1
2
aαα˙θ¯α˙ + iε
αθ¯2 − 2iε¯α˙θ¯α˙θα − 12ωαβxβα˙θ¯α˙ + 12 ω¯α˙β˙xαβ˙+ θ¯α˙ − ηθαθ¯2
+1
2
κxαα˙θ¯α˙ − i2κθαθ¯2 + 12xβα˙bββ˙xαβ˙+ θ¯α˙ + 12xβα˙ρβθαθ¯α˙ − 14 θ¯2ρ¯α˙xαα˙+ .
(A.2)
The algebra between L given by (2.9) and Diα is given by
[Diα,L] =
3
N (4−N ) ((N − 2)σ + 2σ¯) D
i
α − iΛij Djα − Ωαβ Diβ , (A.3)
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where σ, Λij and Ωα
β are defined by
σ = 1
6
(
Dαiλαi − 12∂αα˙hαα˙
)
,
Λij = − i4
(
Diαλ
α
j + D¯α˙jλ¯
α˙i − 1N δij
(
Dkαλ
α
k + D¯α˙kλ¯
α˙k
))
,
Ωαβ =
1
2−N
(
Di(αλβ)i +
1
2
∂(αα˙hβ)
α˙
)
.
(A.4)
Both σ and Ωα
β are chiral and Λij is hermitian and traceless, i.e.
D¯α˙iσ = 0 , D¯γ˙iΩα
β = 0 , (Λij)
∗ = Λji , Λii = 0 . (A.5)
From (2.3) and (A.4), we then obtain
λα = − i
4
D¯2Lα , Ωαβ =
i
8
D¯2D(αLβ) , σ = − i
24
D¯2DαLα . (A.6)
A.2 N = 2
The interested reader can verify that all global transformations are correctly parametrized
by
Lij = − 1
18
θα(iθ¯
3α˙
j)
[
aαα˙ − ωαβxβ− α˙ + ω¯α˙β˙xβ˙+ α + κxαα˙
]
− i
9
εα(iθαj)θ¯
4 +
2i
9
ε¯α˙kθijθ¯
3k
α˙ +
1
18
ηθijθ¯
4 +
i
8
η(ikθ
k
j)θ¯
4
− 1
18
θα(iθ¯
3α˙
j) x−α˙βb
ββ˙x+β˙α −
i
36
θijθ¯
4x+αα˙b
αα˙ (A.7)
− 5
144
θ¯3α˙(iθj)kx
α˙β
− ρ
k
β +
1
144
θ¯3α˙kθ
k
(i x
α˙β
− ρβj) − 1
36
θα(iθ¯
4ρ¯α˙j)x
α˙
+α.
For a global superconformal transformation we then have
H = H¯ = −1
2
θαiθ¯α˙i
[
aαα˙ − ωαβxβ− α˙ + ω¯α˙β˙xβ˙+ α + κxαα˙
]
+
4i
3
εαi θαjθ¯
ij +
4i
3
ε¯α˙i θ¯α˙jθ
ij − 2
3
ηθijθ¯
ij − 3i
2
ηikθ
k
jθ¯
ij (A.8)
− 1
2
θαiθ¯α˙i x−α˙βb
ββ˙x+β˙α +
1
3
θ¯α˙iθ
ijραjx
αα˙
− +
1
3
θαi θ¯
ijρ¯α˙jx
α˙
+α .
B Multiplet of Currents for the N = 2 Vector
In this appendix, we first give some details how to obtain the variation (4.18) of the
supersymmetry current for the N = 2 vector multiplet. Then, we summarize the
multiplet structure in the general case and in the improved case.
B.1 Variation of the Supersymmetry Current
We are interested in the computation of DαiJ
µ
βj where J
µ
αi is given by eq.(4.16) i.e.
Jµiα = 192
[
iσ
µ
αα˙D¯
α˙
j D
ijT − 3iσ¯µα˙βD¯iα˙DαβT − 12∂µDiαT + aσµν βα ∂νDiβT
]
. (B.1)
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The method consists of course of decomposing all the terms into the symmetric and
antisymmetric parts with respect to the SU(2)R and spinor indices.
For the first term in the r.h.s. of (B.1), we use its equivalent form in terms of J¯
and the chirality of J¯ to get:
Dαi
[
iσ
µ
βα˙D¯
α˙
kD
k
j T
]
= 3iεijεαβσ¯
µν
α˙β˙
∂νD¯
α˙β˙J¯ − 3iεijσµ(αα˙σνβ)β˙∂νD¯α˙β˙J¯
+ 3iεαβ∂
µD¯ijJ¯ − 6iσµναβ∂νD¯ijJ¯ . (B.2)
For the second term in the r.h.s. of (B.1), we use the relation
DαiD¯α˙jDβγT = −2iεij∂αα˙DβγT + 2
3
εα(βD¯α˙jD
3
γ)iT, (B.3)
= −2iεij∂αα˙DβγT − 2εijεα(β∂β˙γ)D¯α˙β˙J¯ − 2εα(β∂γ)α˙D¯ijJ¯ , (B.4)
where we have used the equation of conservation (4.15). This enables to get:
Dαi
[
−3iσ¯µα˙γD¯α˙jDβγT
]
= εijεαβ
[
6σµνγδD
γδT + 9iσ¯µν
α˙β˙
D¯α˙β˙J¯
]
+ εij
[
6∂µDαβT + 12σ
µν γ
(α ∂νDβ)γT + 3iσ
µ
(αα˙σ
ν
β)β˙
∂νD¯
α˙β˙J¯
]
− 9iεαβ∂µD¯ijJ¯ − 6iσµναβ∂νD¯ijJ¯ . (B.5)
For the third and the last terms in the r.h.s. of (B.1) we immediately get:
Dαi [−12∂µDβjT ] = −6εij∂µDαβT − 6εαβ∂µDijT (B.6)
= −6εij∂µDαβT + 6iεαβ∂µD¯ijJ¯ , (B.7)
Dαi
[
aσ
µν γ
β ∂νDγjT
]
=
a
2
∂ν
[
−1
2
εijεαβσ
µν
γδD
γδT + εijσ
µν γ
(α Dβ)γT + σ
µν
αβDijT
]
.(B.8)
Finally, taking the sum of (B.2), (B.5), (B.7) and of (B.8) leads to the result (4.18).
B.2 Multiplet in the General Case
The multiplet is formed of
t = T | ,
χαi = DαiT | ,
uαβ = DαβT | ,
Rµ = −48σµαα˙[Dαi, D¯α˙i ]T | ,
R
µ
ij = −864iσµαα˙[Dα(i, D¯α˙j)]T | ,
Jµiα = 192
[
iσ
µ
αα˙D¯
α˙
j D
ijT | − 3iσ¯µα˙βD¯iα˙DαβT | − 12∂µχiα + aσµν βα ∂νχiβ
]
,
T µν = −24
[
1
2
ηµν{Dij, D¯ij}T | − 3
2
σ¯µα˙ασ¯νβ˙β{Dαβ, D¯α˙β˙}T |
+48ηµν t− b(ηµν − ∂µ∂ν)t
]
,
Zµν = 96
[
σ¯
µν
α˙β˙
D¯α˙β˙J¯ | − i(1
2
− a
48
)σµναβu
αβ
]
,
36
J¯ | ,
D¯α˙iJ¯ | ,
D¯ijJ |.
The transformations of these components are
δαit = χαi ,
δαiχβj =
1
2
εijuαβ − i
2
εαβD¯ijJ¯ ,
δ¯α˙iχαj =
i
3456
Rαα˙ij +
1
384
εijRαα˙ + iεij∂αα˙t ,
δαiuβγ = 4εα(β∂γ)α˙D¯
α˙
i J¯ ,
δ¯α˙iuαβ =
−i
1152
σµ(αα˙J
µ
β)i +
i
12
(a− 24)∂(αα˙χβ)i ,
δαiR
µ
jk =
3
2
εi(j
[
J
µ
αk) − (24 + a)σµν βα ∂νχβk)
]
,
δαiRµ = 16i
{
1
192
[
3
2
J
µ
αi + σ
µνβ
α Jνβi
]
− 3
4
(8 + a)∂µχαi +
1
2
(a− 24)σµνβα ∂νχβi
}
,
δ¯iα˙J
µj
α = ε
ijσναα˙ [−2iT µν + 48i(b− 48 + 2a)(ηµν − ∂µ∂ν)t ]
+ εij
{
1
4
[a+ 24] [σµαα˙∂
ρRρ − ∂αα˙Rµ]− ia
4
εµνρτσταα˙∂νRρ
}
+
i
36
(a− 24)∂αα˙Rµ ij − 1
36
(a+ 24)εµνρτσταα˙∂νR
ij
ρ ,
δαiJ
µ
βj = ∂ν
{
24iεαβεijZ
µν + 96(a+ 24)
[
εijσ
µν γ
(α χβ)γ − iσµναβD¯ijJ¯
]}
,
δαiT
µν = σ(µρ βα ∂ρJ
ν)
βi + 24(b− 48 + 2a)(ηµν − ∂µ∂ν)χαi ,
δαiZ
µν = −96i(1 + a
24
)(σµαα˙∂
ν − σναα˙∂µ)D¯α˙i J¯ + 96(3−
a
24
) εµνρτσταα˙∂ρD¯
α˙
i J¯ ,
δ¯α˙iZ
µν = (ηρµσναα˙ − ηρνσµαα˙)
(
1
16
Jαρi + [
1
12
(a− 24)2 + 12(8 + a)]∂ρχαi
)
+i εµνρτσταα˙
(
− 1
1152
(a+ 24) Jαρi + [
1
12
(a− 24)2 − 12(8 + a)]∂ρχαi
)
,
δαiJ¯ = 0 ,
δ¯α˙iJ¯ = D¯α˙iJ¯ ,
δαi(D¯α˙jJ¯ ) = −2iεij∂αα˙J¯ ,
δ¯α˙i(D¯β˙jJ¯ ) = −
1
2
εα˙β˙D¯ijJ¯ + εij
1
384
σ¯
µν
α˙β˙
Zµν ,
δαi(D¯jkJ¯ ) = −4iεi(j∂αα˙D¯α˙k)J¯ ,
δ¯α˙i(D¯jkJ¯ ) = 1
6
εi(j
[
1
192
(σ¯µJµk))α˙ − 3
2
(8 + a)∂αα˙χ
α
k)
]
.
B.3 Improved Multiplet
The multiplet of improved currents is composed of:
t = T | ,
χαi = DαiT | ,
37
uαβ = DαβT | ,
Rµ = −48σµαα˙[Dαi, D¯α˙i ]T | ,
R
µ
ij = −864iσµαα˙[Dα(i, D¯α˙j)]T | ,
Jµiα = 192
[
−12∂µχiα − 3iσ¯µα˙βD¯iα˙DαβT | − 8σµν βα ∂νχiβ
]
,
T µν = −24
[
−3
2
σ¯µα˙ασ¯νβ˙β{Dαβ, D¯α˙β˙}T |+ 48ηµν t− 64(ηµν − ∂µ∂ν)t
]
.
The transformation properties of these components are given by:
δαit = χαi ,
δαiχβj =
1
2
εijuαβ ,
δ¯α˙iχαj =
i
3456
Rαα˙ij +
1
384
εijRαα˙ + iεij∂αα˙t ,
δαiuβγ = 0 ,
δ¯iα˙uβγ = −
i
1152
σµ(βα˙J
µi
γ) −
8i
3
∂(βα˙χ
i
γ) ,
δαiRµ = 16i
[
1
192
J
µ
αi − 16σµν βα ∂νχβi
]
,
δαiR
µ
jk =
3
2
εi(j
[
J
µ
αk) − 16σµν βα ∂νχβk)
]
,
δ¯iα˙J
µj
α = ε
ij [−2iσναα˙T µν − 4∂αα˙Rµ + 2iεµνρτσταα˙∂νRρ]
− 8i
9
∂αα˙R
µij − 4i
9
εµνρτσταα˙∂νR
ij
ρ ,
δαiJ
µ
βj = 1536εij∂ν
[
εαβσ
µν
γδ u
γδ + σµν γ(α uβ)γ
]
,
δαiT
µν = σ(µρ βα ∂ρJ
ν)
βi .
C SU(2)R Invariance for the N = 2 Tensor Multiplet
In this appendix we sketch the proof of the identity (6.29)(
D(mjD¯kl + D¯
(m
jDkl
)
T i)jkl = −8i∂αα˙[Dαk , D¯α˙l ]Tmikl. (C.1)
The starting point is to notice that
T ijkl =
1
160
F (ijF kl) = D(ijXkl) + c.c. with X ij ≡ i
160
ΦF ij. (C.2)
As Φ is chiral, X ij has clearly the same properties (4.42) than F ij. The first step
consists in writing DmjD¯kl = [D
m
j, D¯kl] + D¯klD
m
j. After some algebra we find
[Dmj, D¯kl]D
(ijXkl) = −4i∂αα˙DαkD¯α˙l D(imXkl), (C.3)
D¯klD
m
jD
(ijXkl) =
5
36
εmiD¯jkD
4X jk +
5
18
D¯(mjD
4X i)j. (C.4)
On the other hand,
D¯mjDklD
(ijXkl) =
5
18
εmiD¯jkD
4X jk +
5
9
D¯(mjD
4X i)j. (C.5)
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Adding (C.3), (C.4) and (C.5), we find(
DmjD¯kl + D¯
m
jDkl
)
D(ijXkl) = 5
12
εmiD¯jkD
4X jk + 5
6
D¯(mjD
4X i)j
−4i∂αα˙DαkD¯α˙l D(imXkl) .
(C.6)
For the second step, we use the fact that
D¯(mjD
4X i)j = [D¯(mj, D
4]X i)j ,
since the other term vanishes due to the properties (4.42) of X ij. Again, we find after
some algebra:
[D¯(mj, D
4]X i)j = 48 D(mjX
i)j +
32i
5
∂αα˙D
3α(iD¯α˙j X
m)j.
However, a direct computation shows also that
∂αα˙[D
α
k , D¯
α˙
l ]D
(miXkl) =
20i
3
D(mjX
i)j − 40
27
∂αα˙D
3α(iD¯α˙j X
m)j.
Thus we have proved that
D¯(mjD
4X i)j = −36i
5
∂αα˙[D
α
k , D¯
α˙
l ]D
(miXkl) . (C.7)
To conclude, we put the results (C.6) and (C.7) together. This leads to the final
relation:(
DmjD¯kl + D¯
m
jDkl
)
D(ijXkl) =
5
12
εmiD¯jkD4Xjk − 8i∂αα˙[Dαk , D¯α˙l ]D(miXkl) ,
from which we get (C.1) as a consequence.
D Conventions and Identities for the SUSY Alge-
bra
The conventions used in this paper are essentially those of Wess and Bagger [31].
The conventions about covariant derivatives and their algebra in N = 1 as well as in
extended supersymmetry are exposed in this appendix.
The following definitions are valid for any N . The spinorial derivatives are defined
by
∂
j
βθ
α
i ≡
∂θαi
∂θ
β
j
= δαβ δ
j
i , ∂¯β˙jθ¯
α˙i ≡ ∂θ¯
α˙i
∂θ¯β˙j
= δα˙
β˙
δij . (D.1)
The covariant derivative are then defined as
Diα = ∂
i
α + iθ¯
α˙i∂αα˙ , D¯α˙i = −∂¯α˙i − iθαi ∂αα˙. (D.2)
Finally, the algebra following from these definitions is
{Diα, D¯α˙j} = −2i δij ∂αα˙ and {Diα, Djβ} = 0 . (D.3)
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We furthermore use the following usual definition of xµ± : xαα˙± ≡ xαα˙ ± 2iθαiθ¯α˙i . The
main properties of xµ± with respect to the covariant derivatives are:
D¯αix
µ
+ = 0 , D
i
αx
µ
− = 0 ,
Dαix+ββ˙ = 4iεαβ θ¯β˙i , D¯α˙ix−ββ˙ = −4iεα˙β˙θβi .
The different integration measures are then defined by:∫
d4+4N z ≡
∫
d4x D2N D¯2N ,
∫
d4+2N z+ ≡
∫
d4x D2N ,
∫
d4+2N z− ≡
∫
d4x D¯2N ,
where D2N is defined below for the specific values N = 1, 2.
D.1 N = 1 Identities
We give there a list of useful identities for N = 1 covariant derivatives following from
the definitions and conventions given above.
Definition of D2:
D2 ≡ DαDα , D¯2 ≡ D¯α˙D¯α˙ .
Products of covariant derivatives:
DαD¯2Dα = D¯α˙D
2D¯α˙ ,
DαD¯α˙Dα = −12D¯α˙D2 − 12D2D¯α˙ , D¯α˙DαD¯α˙ = −12DαD¯2 − 12D¯2Dα ,[
Dα, D¯α˙
] [
Dα, D¯α˙
]
= 2{D2, D¯2} − 24 .
Algebra of covariant derivatives:[
Dα, D¯
2
]
= −4i∂αα˙D¯α˙ ,
[
D¯α˙, D
2
]
= 4iDα∂αα˙ ,[
D2, D¯2
]
= −4i[Dα, D¯α˙]∂αα˙ .
D.2 N = 2 Identities
Raising and lowering of SU(2) indices and Fierz formula:
ai = εijaj , ai = εija
j ,
with εij = −εji , ε12 = 1 , εij = −εij , εijεjk = δik .
aibj − ajbi = εijakbk , aibj − ajbi = −εijakbk .
Definitions of some products of θ’s:
θ2 : θij ≡ θαiθjα , θαβ ≡ θαiθβi , θ¯ij ≡ θ¯iα˙θ¯α˙j , θ¯α˙β˙ ≡ θ¯α˙iθ¯β˙i .
θ3 : θ3αi ≡ θjαθij = −θβi θαβ , θ¯3iα˙ ≡ −θ¯α˙jθ¯ij = θ¯β˙iθ¯α˙β˙ .
θ4 : θ4 ≡ θijθij = −θαβθαβ , θ¯4 ≡ θ¯ijθ¯ij = −θ¯α˙β˙ θ¯α˙β˙ .
40
Properties of the products of θ’s:
θαiθβγ = −23εα(βθ3γ)i , θαiθjk = 23εi(jθ3αk) , θ¯α˙iθ¯β˙γ˙ = 23εα˙(β˙ θ¯3γ˙)i , θ¯α˙iθ¯jk = 23εi(jθ¯3α˙k) ,
θβjθ3αi =
1
4
δβαδ
j
iθ
4 , θijθαβ = 0 , θijθkl = 1
3
ε(i|lε|j)kθ4 , θαβθγδ = −1
3
ε(α|γε|β)δθ4 ,
θ¯
β˙
j θ¯
3i
α˙ = −14δβ˙α˙δijθ¯4 , θ¯ijθ¯α˙β˙ = 0 , θ¯ijθ¯kl = 13ε(i|lε|j)kθ¯4 , θ¯α˙β˙ θ¯γ˙δ˙ = −13ε(α˙|γ˙ε|β˙)δ˙θ¯4 .
Definitions of products of covariant derivatives:
D2 : Dij ≡ DαiDjα , Dαβ ≡ DαiDβi , D¯ij ≡ D¯iα˙D¯α˙j , D¯α˙β˙ ≡ D¯α˙iD¯β˙i ,
D3 : D3αi ≡ DjαDji = −Dβi Dβα , D¯3iα˙ ≡ D¯α˙jD¯ij = −D¯β˙iD¯β˙α˙ ,
D4 : D4 ≡ DijDij = −DαβDαβ , D¯4 ≡ D¯ijD¯ij = −D¯α˙β˙D¯α˙β˙ .
Properties of the products of covariant derivatives:
(12) : Dαi Djk =
2
3
εi(jD
3α
k) , D¯
α˙
i D¯jk = −23εi(jD¯3α˙k) ,
DαiDβγ = −23εα(βD3γ)i , D¯α˙iD¯β˙γ˙ = −23εα˙(β˙D¯3γ˙)i ,
(13) : DαiD
3
βj =
1
4
εαβεijD
4 , D¯α˙iD¯
3
β˙j
= 1
4
εα˙β˙εijD¯
4 ,
(22) : DijDkl =
1
3
ε(i|lε|j)kD4 , D¯ijD¯kl = 13ε(i|lε|j)kD¯
4 ,
DijDαβ = 0 , D¯ijD¯α˙β˙ = 0 , DijD¯
4Dkl = D¯ijD
4D¯kl .
D.2.1 Complex Conjugation
The general complex conjugation rule for the SU(2) indices is the following: (ϕi)
∗ =
ϕ¯i . As a consequence of this, we have (ϕ¯i)
∗ = (εijϕ¯j)∗ = εijϕj = −εijϕj = −ϕi . For
the specific products of θ’s defined above, this leads to:
(θij)∗ = θ¯ij , (θαβ)∗ = −θ¯α˙β˙ , (θαα˙)∗ = θαα˙ , (θ3αi)∗ = θ¯3iα˙ , (θ4)∗ = θ¯4 .
For the spinorial and covariant derivatives, this gives:
(∂iα)
∗ = −∂¯α˙i , (Diα)∗ = D¯α˙i ,
(∂αi)
∗ = ∂¯iα˙ , (Dαi)
∗ = −D¯iα˙ ,
and for higher order products:
(Dij)∗ = D¯ij , (Dαβ)∗ = −D¯α˙β˙ , (D3αi)∗ = D¯3iα˙ , (D4)∗ = D¯4 .
D.2.2 Algebra of covariant Derivatives
(12) :
41
[
Dij, D¯α˙k
]
= 4iεk(iD
α
j)∂αα˙ ,[
D¯ij, Dαk
]
= 4iεk(i∂αα˙D¯
α˙
j) ,[
Dαβ, D¯α˙i
]
= 4i∂(αα˙Dβ)i ,[
D¯α˙β˙, Dαi
]
= −4i∂α(α˙D¯β˙)i ,[
Dij, D¯
j
α˙
]
= 6iDαi ∂αα˙ ,[
D¯ij, D
j
α
]
= 6i∂αα˙D¯
α˙
i .
(22) :
[
Dij, D¯kl
]
= 16εk(iεj)l − 8iε(i(kDαj)∂αα˙D¯α˙l) ,
= −16εk(iεj)l + 8iε(i(kD¯α˙l)∂αα˙Dαj) ,[
Dij, D¯α˙β˙
]
= 8i∂α(α˙D
α
(iD¯β˙)j) ,[
D¯ij, Dαβ
]
= −8i∂(αα˙Dβ)(iD¯α˙j) , (D.4)[
Dαβ, D¯α˙β˙
]
= 4i∂(α(α˙
[
Diβ), D¯β˙)i
]
, (D.5)[
Di
j, D¯jk
]
= −4i∂αα˙
[
Dαi , D¯
α˙
k
]
− iεik∂αα˙
[
Dαj, D¯α˙j
]
,[
Dij, D¯ij
]
= −6i∂αα˙
[
Dαi, D¯α˙i
]
, (D.6)
(13) :
{Dαi, D¯3α˙j} = −3iεij∂αβ˙D¯β˙ α˙ − 3i∂αα˙D¯ij ,
{D¯α˙i, D3αj} = 3iεijDαβ∂βα˙ − 3i∂αα˙Dij .
(14) :
[
Dαi, D¯4
]
= 8i∂αα˙D¯3iα˙ ,[
D¯iα˙, D
4
]
= 8iD3αi∂αα˙ .
(23) :
[
D3αk , D¯ij
]
= εk(i
(
−24Dαj) − 6iD¯β˙j)Dαβ∂ββ˙
)
+ 6i∂αα˙D¯α˙(iDj)k ,[
D¯3α˙k , Dij
]
= εk(i
(
24D¯α˙j) − 6iDβj)D¯α˙β˙∂ββ˙
)
− 6i∂αα˙Dα(iD¯j)k ,[
D3αk , D¯α˙β˙
]
= −24∂α(α˙∂ββ˙)Dβk + 6iD¯(α˙kDαβ∂ββ˙) + 6i∂α(α˙D¯iβ˙)Dik ,[
D¯3α˙k , Dαβ
]
= −24∂(αβ˙∂β)α˙D¯β˙k − 6iD(αkD¯α˙β˙∂β)β˙ + 6i∂(αα˙Diβ)D¯ik ,[
D3αj , D¯
ij
]
= 36 Dαi + 9i∂βα˙D¯
α˙iDαβ − 3i∂αα˙D¯α˙jDij ,[
D¯3α˙j , D
ij
]
= −36 D¯α˙i − 9i∂αβ˙DiαD¯α˙β˙ + 3i∂αα˙DαjD¯ij .
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(24) :
[
Dij, D¯
4
]
= 48 D¯ij + 16i∂αα˙D¯
3α˙
(i D
α
j) ,
= −48 D¯ij − 16i∂αα˙Dα(iD¯3α˙j) ,[
Dαβ , D¯
4
]
= −48∂(αα˙∂β)β˙D¯α˙β˙ + 16i∂(αα˙D¯3α˙i Diβ) ,
= 48∂(αα˙∂β)β˙D¯
α˙β˙ − 16i∂(αα˙Diβ)D¯3α˙i ,[
D¯ij, D
4
]
= 48 Dij + 16i∂αα˙D
3α
(i D¯
α˙
j) ,
= −48 Dij − 16i∂αα˙D¯α˙(iD3αj) ,[
D¯α˙β˙ , D
4
]
= −48∂α(α˙∂ββ˙)Dαβ − 16i∂α(α˙D3αi D¯iβ˙) ,
= 48∂α(α˙∂ββ˙)D
αβ + 16i∂α(α˙D¯
i
β˙)
D3αi .
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(33) :
{D3iα , D¯3α˙i} = −72i∂αα˙ +
9i
4
∂αα˙{Dij, D¯ij} − 9i
2
∂ββ˙{Dαβ, D¯α˙β˙} ,
{D3α(i, D¯3α˙j)} = −
9i
4
(
∂αα˙{Dk(i, D¯kj)}+ ∂βα˙{Dαβ, D¯ij}+ ∂αβ˙{Dij, D¯α˙β˙}
)
.
(34) :
[
D3αi, D¯
4
]
= −288iD¯α˙i ∂αα˙ − 72DjαD¯ij − 72∂αα˙∂ββ˙Dβi D¯α˙β˙
−12i∂αα˙DijD¯3α˙j − 12i∂ββ˙DαβD¯3β˙i ,[
D¯3α˙i, D
4
]
= 288iDαi ∂αα˙ + 72D¯
j
α˙Dij − 72∂αα˙∂ββ˙D¯β˙i Dαβ
−12i∂αα˙D¯ijD3αj + 12i∂ββ˙D¯α˙β˙D3βi .
(44) : [
D4, D¯4
]
= −16i∂αα˙
[
D3αi, D¯3α˙i
]
+ 288i ∂αα˙
[
Dαi, D¯α˙i
]
.
D.2.3 Derivatives acting on θ
∂αiθ
4 = −4θ3αi , ∂¯iα˙θ¯4 = −4θ¯3iα˙ ,
∂αiθ
3βj = −3
2
(
δβαθi
j − δjiθβα
)
, ∂¯iα˙θ¯
3β˙
j = −32
(
δijθ¯
β˙
α˙ − δβ˙α˙θ¯ij
)
,
Dijθ4 = −12θij , Dijθ3αk = 6δk(iθαj) , Dijθ3αj = −9θiα ,
Dijθkl = −4δi(kδjl) , Dijθij = −12 ,
Dαβθαβ = −12 , Dαβθγδ = −4ε(αγεβ)δ ,
D3αiθ4 = −36θαi , D3αiθ3βj = 9δαβ δij , D4θ4 = 144 ,
D¯ijθ¯4 = −12θ¯ij , D¯ijθ¯3α˙k = 6δk(iθ¯α˙j) , D¯ijθ¯3α˙j = −9θ¯iα˙ ,
D¯ijθ¯kl = −4δi(kδjl) , D¯ijθ¯ij = −12 ,
D¯3α˙iθ¯4 = −36θ¯α˙i , D¯3α˙iθ¯3βj = −9δα˙β˙ δij , D¯4θ¯4 = 144 ,
D4(θ4X)| = 144X| , D¯4(θ¯4X¯)| = 144X¯| ,
D4(θ3αiX
αi)| = 36DαiXαi| , D¯4(θ¯3α˙iX¯ α˙i)| = − 36D¯α˙iX¯ α˙i| ,
D4(θijX
ij)| = −12DijX ij| , D¯4(θ¯ijX¯ ij)| = −12D¯ijX¯ ij| ,
D4(θαβX
αβ)| = −12DαβXαβ| , D¯4(θ¯α˙β˙X¯ α˙β˙)| = −12D¯α˙β˙X¯ α˙β˙| ,
D4(θαiX
αi)| = 4D3αiXαi| , D¯4(θ¯α˙iX¯ α˙i)| = 4D¯3α˙iX¯ α˙i| .
(D.7)
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